MATH 201: LINEAR ALGEBRA
SUGGESTED PROBLEMS FOR WEEK 9

1. BASIC SKILLS

You will be expected to know all the definitions mentioned in this section even
if they were not covered in lecture.

Problem 1.1. A linear space (or vector space) is a set endowed with an addition operation (+)
and a scalar multiplication operation (-) which satisfy the following 8 conditions.
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Problem 1.2. Give an example of...

e an infinite-dimensional linear space
e a 3-dimensional linear space other than R3.

Problem 1.3. Write definitions for the following terms.

neutral element or additive identity
additive inverse

addition operation

scalar multiplication operation

basis for a linear space

subspace

dimension of a linear space/subspace

Notation: Let {xi}?il denote an infinite sequence of numbers. For example, the sequence
{0,2,4,6,...} of even numbers can be written {z;};-, where z; = 2i — 2.

Problem 1.4. Let V be the set of infinite sequences of real numbers. Define
{w}isy +{whi = {w twili2y and k{a}2, = {kai}2,
Show that V is a linear space.

Notation: Let R™ ™ denote the linear space of n x m matrices where addition and scalar
multiplication are defined as usual.

Problem 1.5. Write a basis for R2*3,
Problem 1.6. A function T : V — W between the linear spaces V and W is called a linear
transformation if. ..
[ )
[ ]
Problem 1.7. Write a nontrivial example of. ..

(a) a linear transformation 7' : C* — C'.
(b) a function 7" : R™ — R™ that is not a linear transformation.
(c) a linear transformation 7" : V' — V where V is as in Problem 1.4.
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Problem 1.8. List all solutions to the differential equation
f'(@) +2f'(z) + f(z) = 0.

Hint: Try solutions of the form e and 2ze**. Then use Theorem 4.1.7 from Bretscher 4e.

2. TyriCAL PROBLEMS

Notation: Throughout this section, P,, will denote the set of polynomials of degree at most n.
Similarly, P will denote the set of all polynomials.

Problem 2.1. Which of the following subsets of P, are subspaces? Find a basis for those that

{p(t) | the degree of p is 2}
{p(t) | p(0) = 2}
{p(t) | p(2) =0}

(e) {p(t) | p(=t) = —p(t) Vi}.

Problem 2.2. Let V be the linear space of all infinite sequences of real numbers {z;};7; (see
problem 1.4). Which of the following subsets of V' are subspaces? If possible, write a basis for
each subspace and determine its dimension.

(a) Arithmetic sequences: That is sequences of the form {a,a + k,a + 2k, ...} for some constants
a and k.

(b) Geometric sequences: That is, sequences of the form {a, ar, arz, ar3, e } for some constants
a and r.
(¢) Square-summable sequences: That is, sequences {zg,z1, ...} such that >~ x? converges.

Problem 2.3. Suppose that B is an n x n matrix with rank ». What is the dimension (in terms
of n,r) of the space of all n x n matrices A such that BA = 07

Problem 2.4. If a matrix A represents the reflection across a line L (which passes through the
origin) in R?, what is the dimension of the space of all matrices S such that

1 0
ss-st o

Problem 2.5. Find a basis of each of the following linear spaces and thus determine their
dimensions.

(a) {(fePs| f
(b) {feP | f
() {fePu| f(—z) = f(x)}

(d) {fePu| f(—z) = —f(x)}

Problem 2.6. An invertible linear transformation T : V. — W is called an isomorphism.
Consider the following functions. Determine whether they are linear transformations. If yes,
determine if they are isomorphisms and calculate their image and kernel.

(a)

f(z)}
—f(x)}

—T
—T

) =
) =

P

T:R*? - R
M — det M.

T:P — P
p(z) — p(z)+2

T:C0% —(C®
f — f/+f”.
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T:P — P

p(z) — fo p(t)dt
(e)

T:P2 —>P2

p(z) = p(-x).
Note: For the next problem, you may use the following theorem without proof. The proof is

worth studying!

Theorem. Let V and W be finite-dimensional linear spaces over R. Then dimV =dimW =n
if and only if there exists an isomorphism T : V — W.

Proof. (=) Assume that V' and W have the same dimension. Choose a basis {vi,...,v,} of V
and a basis {wy,...,wy} of W. Define T': V.— W by

T(Z awi) = Zl a;w; (ai € R).

i=1
This is well-defined because each vector of V' has a unique expression in the basis {v;}. Linearity
follows from the definition.
e Injectivity: if (> a;v;) = 0, then Y a;w; = 0. Since {w;} is a basis, all a; = 0, so the
only vector mapped to 0 is 0. Thus ker T = {0}.
e Surjectivity: given w € W, write w = Y bjw;. Then v := > byv; € V satisfies T'(v) = w.
Hence imT = W.
Therefore T is linear and bijective, so it is an isomorphism.
(<) Assume there is an isomorphism 7' : V. — W, then kerT = {0} and im7T = W. By
rank—nullity,
dimV = dim(ker T") + dim(im T") = 0 4 dim W,
so dimV = dim W.

Thus two finite-dimensional linear spaces are isomorphic if and only if they have the same
dimension as desired. O
Problem 2.7. Define an isomorphism between P3 and R%2*? or show that it is not possible.

Problem 2.8. For which constants k is the linear transformation

ORI

an isomorphism from R?*? to R?*2?

Problem 2.9. For which real numbers c¢g, c1, ..., ¢, is the linear transformation
f(co)
7wy - |1
flen)

an isomorphism between P, and R**1?
Problem 2.10. Let R™ be the set of positive real numbers. On R™ we define the operations

Ty =y
and
EGOx = k.
(a) Show that R, equipped with these operations, is a linear space. Find a basis for this space.
(b) Show that T'(z) = In(z) is a linear transformation from R to R, where R is endowed with
the ordinary operations. Is T" an isomorphism?
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3. CoOMPLEX NUMBERS

In this section, we discuss an important linear space whose elements are referred to as complex
numbers. Over the course of the following ten exercises, you will learn what a complex number
is and some of its properties.

a
b

Problem 3.2. For a,b € R, write

Problem 3.1. Let C = {[ _ab] | a,be R}. Show that C is a subspace of R?*2,

(a,b) = [Z ‘ab} .
Compute
e {a,b)+{c,d)
e {a,b)-{c,d).

Express your answers again in the form (-, -).

Problem 3.3. Define the magnitude of {a,b) by
a, b)| = +/det ({a, b)).
(a) Show that |{a,b)| = Va2 + b2

(b) Show that [{a,b) - (c,d)| = Ka,b)| - |{c,d)|.
Problem 3.4. Define
1 0 0 —1
et B

Note that {I,J} is a basis for C.

(a) Compute J? in terms of I.
(b) For ¥ € R?, what is the relationship between @ and J?

Problem 3.5. Let 7 = va? + b2. Let 0 satisfy cosf = £ sinf = % when r > 0. Show

N

cosf) —sinf
sinf cosf |°

Problem 3.6. Let {(a,b) and {c,d) in C. Let r = |{a,b)| and s = [{c,d)|. Using the previous

problem, let 6 be the angle associated to {(a, by and ¢ the angle associated to {c,d). Show that

(a) ‘<a7 b> ’ <Ca d>| =Trs
(b) The angle associated to {a,b) - {c,d) is 0 + .

Problem 3.7. Define the conjugate of {(a,b) to be {a,—b). Denote the conjugate of {(a,b) by
(a,b).

(a) Show that {a,b)-{a,—b) = (a® + b?) I.

(b) In the case where {a,b) # {0,0), find a formula for {a,by~*.

Problem 3.8. Solve for (x,y) in the equation
<37 ]-> ) <l‘, y> = <2> _5>
Problem 3.9. Let M = [i fﬂ be any real 2 by 2 matrix which satisfies

MJ=JM.
Prove that M € C.

Problem 3.10. The subspace spanned by the element J in C is called the imaginary numbers.
The subspace spanned by the element I in C is called the real numbers. Since {I,J} form a basis
for C, any element z € C can be written in the form

z=al + bJ.

Such an element is called a complex number. It is the convention to write it as z = a + bi. We
refer to a as the real part of z and b as the imaginary part of z. Show that

21+ 29 = (a1 + b1i) (ag + bei) = (ajag — b1ba) + i (a1b2 + brag) .
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4. CHALLENGE PROBLEMS

Problem 4.1. Prove Theorem 4.1.7 from Bretscher 4e. That is, prove that the set of solutions
to a differential equation of the form

f'(@) + af'(z) + bf(z) = 0
is a two-dimensional linear space.

Problem 4.2.

(a) Show that there exists a bijection (that is, a one-to-one and onto map) from R” to R.
(b) Prove that it is possible to define “exotic” operations on R™ such that dimR" =
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