
MATH 201: LINEAR ALGEBRA

SUGGESTED PROBLEMS FOR WEEK 5

1. Basic Skills

Problem 1.1. Fill in the blanks.

(a) The image of a linear transformation T : Rm Ñ Rn is

ImpT q “ t | u

(b) The kernel of a linear transformation T : Rm Ñ Rn is

kerpT q “ t | u .

Note: If T px⃗q “ Ax⃗ for some matrix A, we also write ImpAq “ ImpT q and kerpAq “ kerpT q.

Problem 1.2. Suppose that TApx⃗q “ Ax⃗ where A “

„

1 1 1 1
1 2 3 4

ȷ

.

(a) Write a set of vectors that span the image of TA.
(b) Write a set of vectors that span the kernel of TA.
(c) What is the minimum number of vectors needed to span the image of TA?
(d) What is the minimum number of vectors needed to span the kernel of TA?

Problem 1.3. Suppose that A is a square matrix. Write 8 separate statements equivalent to
the statement

“A is invertible.”

In other words, review “Summary 3.3.10” from Bretscher 4th edition.

Problem 1.4. Which of the following sets are subspaces of R3?

(a) W “

$

&

%

»

–

x
y
z

fi

fl | x ` y ` z “ 1

,

.

-

.

(b) W “

$

&

%

»

–

x
y
z

fi

fl | x ď y ď z

,

.

-

.

(c) W “

$

&

%

»

–

x ` 2y ` 3z
4x ` 5y ` 6z
7x ` 8y ` 9z

fi

fl | x, y, z are arbitrary constants

,

.

-

.

Problem 1.5. Consider the following lists of vectors. For each list, determine whether the given
vectors are linear independent.

(a)

„

7
11

ȷ

,

„

0
0

ȷ

(b)

»

—

—

–

1
0
0
0

fi

ffi

ffi

fl

,

»

—

—

–

2
0
0
0

fi

ffi

ffi

fl

,

»

—

—

–

0
1
0
0

fi

ffi

ffi

fl

,

»

—

—

–

0
0
1
0

fi

ffi

ffi

fl

,

»

—

—

–

3
4
5
0

fi

ffi

ffi

fl

.

(c)

»

–

1
1
1

fi

fl ,

»

–

3
2
1

fi

fl ,

»

–

6
5
4

fi

fl.
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2. Typical Problems

Problem 2.1. Write a linear transformation whose kernel is the line spanned by the vector
»

–

´1
1
2

fi

fl.

Problem 2.2. Write a linear transformation whose kernel is the plane x ` 2y ` 3z “ 0 in R3.

Problem 2.3. Consider an n ˆ p matrix A and a p ˆ m matrix B such that kerA “

!

0⃗
)

and

kerB “

!

0⃗
)

. What is kerAB ?

Problem 2.4. Let A be a matrix and let B “ rrefpAq.

(a) Is kerA necessarily equal to kerB? Explain.
(b) Is ImA necessarily equal to ImB? Explain.

Problem 2.5. Consider two subspaces V and W of Rn.

(a) Is V Y W a subspace of Rn?
(b) Is V X W a subspace of Rn?

Problem 2.6. Let T : Rn Ñ Rp be a linear transformation. Suppose that v⃗1, v⃗2, . . . , v⃗m P Rn

are linearly independent. Under what conditions (on T , m,n, p) are T pv⃗1q, . . . , T pv⃗mq linearly
independent?

Problem 2.7. Find a basis for the image of the matrices

(a)

»

–

1 1
1 2
1 3

fi

fl

(b)

»

–

1 1 1
1 2 5
1 3 7

fi

fl

(c)

»

—

—

–

0 1 2 0 0 3
0 0 0 1 0 4
0 0 0 0 1 5
0 0 0 0 0 0

fi

ffi

ffi

fl

(d)

»

—

—

–

1 5
2 6
3 7
5 8

fi

ffi

ffi

fl

.

Problem 2.8. Consider an m ˆ n matrix A and an n ˆ m matrix B with n ‰ m such that
AB “ Im. Are the columns of B linearly independent? What about the columns of A?

Problem 2.9. Suppose that v⃗1, v⃗2, v⃗3 in Rn are linearly independent. Are the vecotrs v⃗1, v⃗1 `

v⃗2, v⃗1 ` v⃗2 ` v⃗3 linearly independent?

Problem 2.10. For which values of the constants a, b, c, d, e and f are the following vectors
linearly independent?

»

—

—

–

a
0
0
0

fi

ffi

ffi

fl

,

»

—

—

–

b
c
0
0

fi

ffi

ffi

fl

,

»

—

—

–

d
e
f
0

fi

ffi

ffi

fl

.
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3. Proofs

Write a rigorous, mathematical proof for each of the claims below.

Problem 3.1. Suppose that A is an n ˆ n matrix such that A2 “ 0. Then ImpAq Ď kerpAq.
Consequently, rankpAq ď n

2

Problem 3.2. Suppose that S, T : Rn Ñ Rn are linear transformations such that S ˝T “ 0 and
S ` T “ I. Then ImpT q “ kerpSq and ImpSq “ kerpT q.

Problem 3.3. For any m ˆ n matrix A and n ˆ p matrix B,

rankpABq ď min trankpAq, rankpBqu .

Problem 3.4. Let T : Rn Ñ Rn satisfy T 2 “ T . Define S “ I ´ T .

(a) Show that S2 “ S.
(b) Show that kerpT q “ ImpSq and kerpSq “ ImpT q.

Problem 3.5. Suppose that A and B are n ˆ n matrices. Suppose that pABq is invertible.
Show that A and B are invertible.

Problem 3.6. Suppose that A is an n ˆ n matrix. Prove that ImpA2q Ď ImpAq

Problem 3.7. True of false? There exists a 2 ˆ 2 matrix A such that A2 ‰ 0 and A3 “ 0.

4. Challenge Problems

Note: The challenge problems this week are very doable and everyone should try them!

Problem 4.1. Suppose that you are given six vectors v1, . . . , v6 P R5 with the following prop-
erties.

‚ Any five of them span R5.
‚ The only relation among them is v1 ` v2 ` ¨ ¨ ¨ ` v6 “ 0.

Let A be the 5 ˆ 6 matrix whose column vectors are vi.

(a) What is dimpImpAqq and dimpkerpAqq?
(b) Pick any index j. Consider the 5 ˆ 5 matrix Aj obtained by deleting column j from A. Is

Aj invertible?
(c) Define T : R6 Ñ R5 by T peiq “ vi. For how many distinct scalars c does there exist a linear

map f : R5 Ñ R with fpviq “ c for all i?

Problem 4.2. Let n ě 2. Suppose that a linear map S : Rn Ñ Rn satisfies S2 “ 0 and
dim pImpSqq “ k for some k ě 1. Define

T px⃗q “ x⃗ ` Spx⃗q.

(a) Compute dimpkerT q and dimpImT q.
(b) Describe a basis of Rn in which the matrix of T has the simplest possible block form. State

that form.
(c) For which positive integers m does Tm have the same image as T? For which m does Tm

have the same kernel as T?

Problem 4.3. Let T : Rn Ñ Rn be a linear transformation. Call T decisive if every nonzero
vector in Rn belongs to exactly one of ImpT q or kerpT q. Determine all decisive linear transfor-
mations.
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