
MATH 201: LINEAR ALGEBRA

SUGGESTED PROBLEMS FOR WEEK 5

1. Basic Skills

Problem 1.1. Fill in the blanks.

(a) The image of a linear transformation T : Rm Ñ Rn is

ImpT q “ t | u

(b) The kernel of a linear transformation T : Rm Ñ Rn is

kerpT q “ t | u .

Solution.
(a) ImpT q “ tT pxq : x P Rm u, the set of all outputs of T .
(b) kerpT q “ tx P Rm : T pxq “ 0 u, the set of inputs sent to the zero vector.

Problem 1.2. Suppose that TApx⃗q “ Ax⃗ where A “

„

1 1 1 1
1 2 3 4

ȷ

.

(a) Write a set of vectors that span the image of TA.
(b) Write a set of vectors that span the kernel of TA.
(c) What is the minimum number of vectors needed to span the image of TA?
(d) What is the minimum number of vectors needed to span the kernel of TA?

Solution.

Write A “

„

1 1 1 1

1 2 3 4

ȷ

. The columns are

c1 “ p1, 1qJ, c2 “ p1, 2qJ, c3 “ p1, 3qJ, c4 “ p1, 4qJ

(a) ImpTAq “ spantc1, c2, c3, c4u “ spantp1, 1qJ, p1, 2qJu, since any two noncollinear columns
span R2.

(b) Solve Ax “ 0 with x “ px1, x2, x3, x4qJ. Row-reduce

„

1 1 1 1
1 2 3 4

ȷ

Ñ

„

1 0 ´1 ´2
0 1 2 3

ȷ

,

so x1 “ x3 ` 2x4, x2 “ ´2x3 ´ 3x4. Let

s “ x3, t “ x4.

Then
x “ sp1,´2, 1, 0qJ ` tp2,´3, 0, 1qJ.

Hence a spanning set for kerTA is tp1,´2, 1, 0qJ, p2,´3, 0, 1qJu.
(c) rankpAq “ 2, so the minimum number is 2.
(d) nullitypAq “ 4 ´ 2 “ 2, so the minimum number is 2.

Problem 1.3. Suppose that A is a square matrix. Write 8 separate statements equivalent to
the statement

“A is invertible.”

In other words, review “Summary 3.3.10” from Bretscher 4th edition.

Solution.
Possible answers (any correct eight earn full credit):

(1) A has an inverse matrix A´1.
(2) detA ‰ 0 (or equivalently, A row-reduces to I).
(3) The columns of A are linearly independent.
(4) The columns of A span Rn.
(5) rankpAq “ n.

1
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(6) kerA “ t0u.
(7) The only solution to Ax “ 0 is x “ 0.
(8) For every b P Rn, the system Ax “ b has a unique solution.
(9) A is a product of elementary matrices.

(10) The linear map x ÞÑ Ax is one-to-one and onto.

(Write any eight; keep your phrasing consistent with what you’ve learned in class.)

Problem 1.4. Which of the following sets are subspaces of R3?

(a) W “

$

&

%

»

–

x
y
z

fi

fl | x ` y ` z “ 1

,

.

-

.

(b) W “

$

&

%

»

–

x
y
z

fi

fl | x ď y ď z

,

.

-

.

(c) W “

$

&

%

»

–

x ` 2y ` 3z
4x ` 5y ` 6z
7x ` 8y ` 9z

fi

fl | x, y, z are arbitrary constants

,

.

-

.

Solution.

(a) Not a subspace: it does not contain 0 (since 0 ` 0 ` 0 ‰ 1) and is not closed under scaling.
(b) Not a subspace: not closed under scaling (multiply by ´1 reverses the inequalities).

(c) Yes, it is a subspace: it is the span of the three column vectors
`

1, 4, 7
˘J

,
`

2, 5, 8
˘J

,
`

3, 6, 9
˘J

.

Problem 1.5. Consider the following lists of vectors. For each list, determine whether the given
vectors are linear independent.

(a)

„

7
11

ȷ

,

„

0
0

ȷ

(b)

»

—

—

–

1
0
0
0

fi

ffi

ffi

fl

,

»

—

—

–

2
0
0
0

fi

ffi

ffi

fl

,

»

—

—

–

0
1
0
0

fi

ffi

ffi

fl

,

»

—

—

–

0
0
1
0

fi

ffi

ffi

fl

,

»

—

—

–

3
4
5
0

fi

ffi

ffi

fl

.

(c)

»

–

1
1
1

fi

fl ,

»

–

3
2
1

fi

fl ,

»

–

6
5
4

fi

fl.

Solution.
(a) Dependent (one vector is the zero vector).
(b) Dependent: the first two are multiples; the last vector is the sum of 3 times the first, 4 times
the third, and 5 times the fourth.
(c) Try to solve:

a

»

–

1
1
1

fi

fl ` b

»

–

3
2
1

fi

fl “

»

–

6
5
4

fi

fl .

We have
»

–

1 3 6
1 2 5
1 1 4

fi

fl Ñ

»

–

1 0 3
0 1 1
0 0 0

fi

fl .

This indicates that a “ 3, b “ 1 is a solution. That is, labeling the vectors v⃗1, v⃗2, and v⃗3, we
have v⃗3 “ 3v⃗1 ` v⃗2.

2. Typical Problems

Problem 2.1. Write a linear transformation T : R3 Ñ R3 whose kernel is the line spanned by

the vector v⃗ “

»

–

´1
1
2

fi

fl.
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Solution. Suppose that the 3ˆ3 matrix A satisfies Av⃗ “ 0. Let c⃗1, c⃗2, c⃗3 be the column vectors
of A. Then

Av⃗ “ ´c⃗1 ` c⃗2 ` 2c⃗3 “ 0

ñ c⃗1 “ c⃗2 ` 2c⃗3.

Thus

A “

»

–

1 1 0
2 0 1
0 0 0

fi

fl

is one example.

Problem 2.2. Write a linear transformation T : R3 Ñ R3 whose kernel is the plane x`2y`3z “

0 in R3.

Solution. The image of T should be normal to the plane. The normal vector of this plane
is x1, 2, 3y. To see this, note that xx, y, zy ¨ x1, 2, 3y “ x ` 2y ` 3z “ 0 is the plane equation
given. Next, recall that the image of a linear transformation is equal to the span of its column
vectors. Thus it suffices to construct a matrix A whose image is equal to the span of x1, 2, 3y.
For example,

A “

»

–

1 2 3
2 4 6
3 6 9

fi

fl .

Problem 2.3. Consider an n ˆ p matrix A and a p ˆ m matrix B such that kerA “

!

0⃗
)

and

kerB “

!

0⃗
)

. What is kerAB ?

Solution.
If kerA “ t0u and kerB “ t0u, then A is injective on its domain and B is injective on its

domain. If ABx “ 0, then ApBxq “ 0, hence Bx “ 0 (injectivity of A), hence x “ 0 (injectivity
of B). Therefore kerpABq “ t0u.

Problem 2.4. Let A be a matrix and let B “ rrefpAq.

(a) Is kerA necessarily equal to kerB? Explain.
(b) Is ImA necessarily equal to ImB? Explain.

Solution.
(a) kerA “ kerprrefpAqq. Row operations preserve the solution set of Ax “ 0, so the nullspace
is unchanged.
(b) In general ImA ‰ ImprrefpAqq. Row operations mix rows (i.e., change the span of the rows,

not the columns). Counterexample: A “

„

1 1
1 1

ȷ

has image spantp1, 1qJu, but rrefpAq “

„

1 1
0 0

ȷ

has image spantp1, 0qJu.

Problem 2.5. Consider two subspaces V and W of Rn.

(a) Is V Y W a subspace of Rn?
(b) Is V X W a subspace of Rn?

Solution.
(a) Typically no: V Y W need not be closed under addition. Example in R2: V = x-axis, W =
y-axis; V Y W is not a subspace.
(b) Yes: V X W is always a subspace (it contains 0 and is closed under addition and scaling).

Problem 2.6. Let T : Rn Ñ Rp be a linear transformation. Suppose that v⃗1, v⃗2, . . . , v⃗m P Rn

are linearly independent. Under what conditions (on T , m,n, p) are T pv⃗1q, . . . , T pv⃗mq linearly
independent?
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Solution. Claim: T pv⃗iq are linearly independent if and only if

kerT X span tv⃗1, . . . , v⃗mu “

!

0⃗
)

.

Proof: First, we prove that if T pv⃗iq are not linearly independent than kerT Xspan tv⃗1, . . . , v⃗mu

is nonempty. Suppose that
ř

i aiT pv⃗iq “ 0. Then T p
ř

i aiv⃗iq “ 0 by linearity. Thus
ř

i aiv⃗i P

kerT X span tv⃗1, . . . , v⃗mu. Next we prove the converse. That is, we prove that if kerT X

span tv⃗1, . . . , v⃗mu “

!

0⃗
)

then T pv⃗iq are not linearly independent. Suppose there exists a nonzero

w P kerT X span tv⃗1, . . . , v⃗mu. Then w “
ř

i aiv⃗i and T pwq “ 0 so we have a nontrivial relation
among T pv⃗iq as desired.

□

Problem 2.7. Find a basis for the image of the matrices

(a)

»

–

1 1
1 2
1 3

fi

fl

(b)

»

–

1 1 1
1 2 5
1 3 7

fi

fl

(c)

»

—

—

–

0 1 2 0 0 3
0 0 0 1 0 4
0 0 0 0 1 5
0 0 0 0 0 0

fi

ffi

ffi

fl

(d)

»

—

—

–

1 5
2 6
3 7
5 8

fi

ffi

ffi

fl

.

Solution.
(a) Columns tp1, 1, 1qJ, p1, 2, 3qJu are linearly independent; they form a basis for the image.

(b) Row-reduce

»

–

1 1 1
1 2 5
1 3 7

fi

fl Ñ

»

–

1 0 ´3
0 1 4
0 0 0

fi

fl, so rank “ 2. A basis for the image is tp1, 1, 1qJ, p1, 2, 3qJu

(the first two pivot columns).
(c)Note that the matrix is in ref. There are three leading ones. We take the three pivot columns:

»

—

—

–

1
0
0
0

fi

ffi

ffi

fl

,

»

—

—

–

0
1
0
0

fi

ffi

ffi

fl

,

»

—

—

–

0
0
1
0

fi

ffi

ffi

fl

.

(d) In this case, there are two columns and the second is not a multiple of the first. Thus they
are a basis for the image.

»

—

—

–

1
2
3
5

fi

ffi

ffi

fl

,

»

—

—

–

5
6
7
8

fi

ffi

ffi

fl

Problem 2.8. Consider an m ˆ n matrix A and an n ˆ m matrix B with n ‰ m such that
AB “ Im. Are the columns of B linearly independent? What about the columns of A?

Solution.
If AB “ Im, then B has linearly independent columns (since ABx “ 0 ñ x “ 0). Also A has

linearly independent rows (equivalently, rank m). The columns of A need not be independent
when n ‰ m (e.g., A is m ˆ n with m ă n can have dependent columns).

Problem 2.9. Suppose that v⃗1, v⃗2, v⃗3 in Rn are linearly independent. Are the vecotrs v⃗1, v⃗1 `

v⃗2, v⃗1 ` v⃗2 ` v⃗3 linearly independent?
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Solution.
Yes, they are linearly independent if v1, v2, v3 are independent. Suppose av1 ` bpv1 ` v2q `

cpv1 ` v2 ` v3q “ 0. Then pa ` b ` cqv1 ` pb ` cqv2 ` cv3 “ 0. By independence, c “ 0, then
b “ 0, then a “ 0.

Problem 2.10. For which values of the constants a, b, c, d, e and f are the following vectors
linearly independent?

»

—

—

–

a
0
0
0

fi

ffi

ffi

fl

,

»

—

—

–

b
c
0
0

fi

ffi

ffi

fl

,

»

—

—

–

d
e
f
0

fi

ffi

ffi

fl

.

Solution.

Arrange the three vectors as columns of a 4 ˆ 3 matrix M “

»

—

—

–

a b d
0 c e
0 0 f
0 0 0

fi

ffi

ffi

fl

. These columns

are independent iff rankpMq “ 3, i.e., iff all diagonal entries a, c, f are nonzero. Thus the set is
linearly independent exactly when a ‰ 0, c ‰ 0, and f ‰ 0 (no conditions on b, d, e).

3. Proofs

Write a rigorous, mathematical proof for each of the claims below.

Problem 3.1. Suppose that A is an n ˆ n matrix such that A2 “ 0. Then ImpAq Ď kerpAq.
Consequently, rankpAq ď n

2

Solution. Let y⃗ P ImpAq. Then y⃗ “ Ax⃗ for some x⃗ P Rn. We compute:

Ay⃗ “ ApAx⃗q “ A2x⃗ “ 0x⃗ “ 0⃗.

Therefore y⃗ P kerpAq. Since y⃗ was arbitrary, ImpAq Ď kerpAq. Now we derive the rank bound.
Since ImpAq Ď kerpAq, we have

rankpAq “ dimpImpAqq ď dimpkerpAqq “ nullitypAq.

By the rank-nullity theorem,

rankpAq ` nullitypAq “ n.

Since rankpAq ď nullitypAq, substituting gives

rankpAq ` nullitypAq ě rankpAq ` rankpAq “ 2 rankpAq,

so n ě 2 rankpAq, which yields rankpAq ď n
2 . □

Problem 3.2. Suppose that S, T : Rn Ñ Rn are linear transformations such that S ˝T “ 0 and
S ` T “ I. Then ImpT q “ kerpSq and ImpSq “ kerpT q.

Solution. We prove ImpT q “ kerpSq. The proof of ImpSq “ kerpT q is analogous (by symmetry,
since T ˝ S “ 0 as well).

(ImpT q Ď kerpSq): Let y⃗ P ImpT q, so y⃗ “ T px⃗q for some x⃗. Then

Spy⃗q “ SpT px⃗qq “ pS ˝ T qpx⃗q “ 0⃗.

Hence y⃗ P kerpSq.

(kerpSq Ď ImpT q): Let y⃗ P kerpSq, so Spy⃗q “ 0⃗. Since S ` T “ I, we have

y⃗ “ Ipy⃗q “ Spy⃗q ` T py⃗q “ 0⃗ ` T py⃗q “ T py⃗q.

Therefore y⃗ P ImpT q.
Combining both inclusions, ImpT q “ kerpSq.
Symmetry check: We verify T ˝ S “ 0. From S ` T “ I, we get S “ I ´ T , so
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T ˝ S “ T pI ´ T q “ T ´ T 2.

Also, from S `T “ I and S ˝T “ 0: applying S `T “ I to T on the right gives ST `T 2 “ T ,
so T 2 “ T (since ST “ 0). Thus T ˝ S “ T ´ T 2 “ 0.

By the identical argument with the roles of S and T swapped, ImpSq “ kerpT q. □

Problem 3.3. For any m ˆ n matrix A and n ˆ p matrix B,

rankpABq ď min trankpAq, rankpBqu .

Solution. We establish each inequality separately.

Inequality 1: rankpABq ď rankpAq.

Let y⃗ P ImpABq. Then y⃗ “ ABx⃗ for some x⃗ P Rp. Setting z⃗ “ Bx⃗ P Rn, we have y⃗ “ Az⃗ P

ImpAq. Therefore

ImpABq Ď ImpAq.

Since the dimension of a subspace contained in another cannot exceed the dimension of the
larger one,

rankpABq “ dimpImpABqq ď dimpImpAqq “ rankpAq.

Inequality 2: rankpABq ď rankpBq.

Let x⃗ P kerpBq, so Bx⃗ “ 0⃗. Then

ABx⃗ “ A0⃗ “ 0⃗,

so x⃗ P kerpABq. Therefore kerpBq Ď kerpABq, which gives

nullitypBq “ dimpkerpBqq ď dimpkerpABqq “ nullitypABq.

By the rank-nullity theorem applied to B (a n ˆ p matrix) and AB (a m ˆ p matrix), both
with domain Rp:

rankpBq ` nullitypBq “ p “ rankpABq ` nullitypABq.

Since nullitypBq ď nullitypABq, it follows that rankpABq ď rankpBq.
Combining both inequalities yields the result. □

Problem 3.4. Let T : Rn Ñ Rn satisfy T 2 “ T . Define S “ I ´ T .

(a) Show that S2 “ S.
(b) Show that kerpT q “ ImpSq and kerpSq “ ImpT q.

Solution.

(a) We compute directly:

S2 “ pI ´ T q2 “ I ´ 2T ` T 2 “ I ´ 2T ` T “ I ´ T “ S,

where we used T 2 “ T in the third equality. □

(b) We prove each of the two equalities by showing containment in both directions.

Proof that ImpSq Ď kerpT q: Let y⃗ P ImpSq. Then y⃗ “ Spx⃗q for some x⃗ P Rn. We compute

T py⃗q “ T pSpx⃗qq “ T pI ´ T qpx⃗q “ pT ´ T 2qpx⃗q “ pT ´ T qpx⃗q “ 0⃗.

Therefore y⃗ P kerpT q.

Proof that kerpT q Ď ImpSq: Let y⃗ P kerpT q, so T py⃗q “ 0⃗. Since S “ I ´ T , we have

Spy⃗q “ y⃗ ´ T py⃗q “ y⃗ ´ 0⃗ “ y⃗.

Therefore y⃗ “ Spy⃗q P ImpSq.
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Combining both inclusions, kerpT q “ ImpSq.

Proof that ImpT q Ď kerpSq: Let y⃗ P ImpT q. Then y⃗ “ T px⃗q for some x⃗ P Rn. We compute

Spy⃗q “ pI ´ T qpT px⃗qq “ T px⃗q ´ T 2px⃗q “ T px⃗q ´ T px⃗q “ 0⃗.

Therefore y⃗ P kerpSq.

Proof that kerpSq Ď ImpT q: Let y⃗ P kerpSq, so Spy⃗q “ 0⃗. Since S “ I ´ T , this means

y⃗ ´ T py⃗q “ 0⃗, i.e., y⃗ “ T py⃗q.

Therefore y⃗ “ T py⃗q P ImpT q.

Combining both inclusions, kerpSq “ ImpT q. □

Problem 3.5. Suppose that A and B are n ˆ n matrices. Suppose that pABq is invertible.
Show that A and B are invertible.

Solution. We show each matrix is invertible by proving its kernel is trivial, then applying the
rank-nullity theorem.

B is invertible: Suppose Bx⃗ “ 0⃗. Then

pABqx⃗ “ ApBx⃗q “ A0⃗ “ 0⃗.

Since AB is invertible, kerpABq “ t⃗0u, so x⃗ “ 0⃗. Therefore kerpBq “ t⃗0u.
By the rank-nullity theorem, rankpBq ` nullitypBq “ n. Since nullitypBq “ 0, we get

rankpBq “ n, so B is invertible.

A is invertible: Since AB is invertible, pABq´1 exists, and so

A ¨
`

B ¨ pABq´1
˘

“ pABqpABq´1 “ I.

Thus A has a right inverse C “ BpABq´1. We now show kerpAq “ t⃗0u.

Suppose Ax⃗ “ 0⃗. Multiplying on the left by CT is not useful, so instead we argue via
dimension. Since AC “ I, for any y⃗ P Rn we have ApCy⃗q “ y⃗, so ImpAq “ Rn. That is,
rankpAq “ n. By the rank-nullity theorem, nullitypAq “ 0, so A is invertible.

Alternatively, here is a self-contained argument that avoids constructing a right inverse. Since
AB is invertible, ImpABq “ Rn. For every y⃗ P Rn there exists x⃗ with pABqx⃗ “ y⃗, i.e., ApBx⃗q “

y⃗. Therefore every y⃗ is in ImpAq, so ImpAq “ Rn, giving rankpAq “ n. By rank-nullity,
nullitypAq “ 0, so A is invertible. □

Problem 3.6. Suppose that A is an n ˆ n matrix. Prove that ImpA2q Ď ImpAq

Solution. Let y⃗ P ImpA2q. By definition, there exists x⃗ P Rn such that

y⃗ “ A2x⃗ “ ApAx⃗q.

Setting z⃗ “ Ax⃗ P Rn, we have y⃗ “ Az⃗, which shows y⃗ P ImpAq.
Since y⃗ was an arbitrary element of ImpA2q, we conclude ImpA2q Ď ImpAq. □

Remark. The same argument generalizes immediately: for any positive integers j ą k,
ImpAjq Ď ImpAkq, since Aj x⃗ “ AkpAj´kx⃗q.

Problem 3.7. True of false? There exists a 2 ˆ 2 matrix A such that A2 ‰ 0 and A3 “ 0.

Solution. False. Assume true. Let A be such a matrix. Then

‚ rankA “ 1 (since detpA3q “ pdetAq
3

“ 0 ñ detA “ 0.
‚ dimkerA “ 1 (by rank nullity)
‚ ImA2 Ď ImA (fact from class)
‚ ImA2 Ď kerA since A3x⃗ ApA2x⃗q “ 0

‚ ImA “ kerA (the two items above show that ImA X kerA ‰

!

0⃗
)

, and if two one

dimensional subspaces have nontrivial intersection, they must me equal.)

‚ A pAx⃗q “ 0⃗ @ x⃗ since Ax⃗ P ImA “ kerA.
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‚ contradiction.

□

4. Challenge Problems

Problem 4.1. Suppose that you are given six vectors v1, . . . , v6 P R5 with the following prop-
erties.

‚ Any five of them span R5.
‚ The only relation among them is v1 ` v2 ` ¨ ¨ ¨ ` v6 “ 0.

Let A be the 5 ˆ 6 matrix whose column vectors are vi.

(a) What is dimpImpAqq and dimpkerpAqq?
(b) Pick any index j. Consider the 5 ˆ 5 matrix Aj obtained by deleting column j from A. Is

Aj invertible?
(c) Define T : R6 Ñ R5 by T peiq “ vi. For how many distinct scalars c does there exist a linear

map f : R5 Ñ R with fpviq “ c for all i?

Solution.
(a) Any five span R5 ñ the image has dimension 5. By Rank–Nullity on T : R6 Ñ R5,

dimkerT “ 6 ´ 5 “ 1.
(b) Deleting any one column removes the sole relation v1 ` ¨ ¨ ¨ ` v6 “ 0, so the remaining 5
columns are independent in R5; hence each Aj is invertible.
(c) The condition “fpviq “ c for all i” means f is constant on the image of T . Since ImT “ R5,
we must have fpxq ” c as a linear map, which forces c “ 0. Therefore there is exactly one scalar
c (namely 0) for which such an f exists.

Problem 4.2. Let n ě 2. Suppose that a linear map S : Rn Ñ Rn satisfies S2 “ 0 and
dim pImpSqq “ k for some k ě 1. Define

T px⃗q “ x⃗ ` Spx⃗q.

(a) Compute dimpkerT q and dimpImT q.
(b) Describe a basis of Rn in which the matrix of T has the simplest possible block form. State

that form.
(c) For which positive integers m does Tm have the same image as T? For which m does Tm

have the same kernel as T?

Solution.

(a) kerT “ t0u and ImT “ Rn. Indeed, pI ` Sqx “ 0 ñ Sx “ ´x
S
ñ 0 “ ´Sx ñ x “ 0.

(b) Choose a basis txi, ui, yju with Sxi “ ui, Sui “ 0, Syj “ 0; then rT s “ diag
`

„

1 1
0 1

ȷ

, . . . ,

„

1 1
0 1

ȷ

looooooooooomooooooooooon

k copies

, In´2k

˘

.

(c) Since S2 “ 0, pI ` Sqm “ I ` mS. As in (a), kerpI ` mSq “ t0u and the image is all of Rn

for every m ě 1.

Problem 4.3. Let T : Rn Ñ Rn be a linear transformation. Call T decisive if every nonzero
vector in Rn belongs to exactly one of ImpT q or kerpT q. Determine all decisive linear transfor-
mations.

Solution.
We begin with a lemma that forms the heart of the argument.

Lemma 4.4. Let V and W be subspaces of Rn with n ě 2. If V Y W “ Rn, then V “ Rn or
W “ Rn.

Proof. Suppose for contradiction that V ‰ Rn and W ‰ Rn. Then there exist vectors v⃗ P RnzV
and w⃗ P RnzW . Since V Y W “ Rn, we must have v⃗ P W and w⃗ P V .

Consider the vector u⃗ “ v⃗ ` w⃗. Since V Y W “ Rn, we have u⃗ P V or u⃗ P W .

‚ If u⃗ P V , then v⃗ “ u⃗ ´ w⃗ P V (since u⃗ P V , w⃗ P V , and V is closed under subtraction).
This contradicts v⃗ R V .



MATH 201: LINEAR ALGEBRA SUGGESTED PROBLEMS FOR WEEK 5 9

‚ If u⃗ P W , then w⃗ “ u⃗´ v⃗ P W (since u⃗ P W , v⃗ P W , and W is closed under subtraction).
This contradicts w⃗ R W .

In either case we reach a contradiction, so V “ Rn or W “ Rn. □

We now prove the main claim in two parts.
Part 1: T “ 0 and T invertible are both decisive.

Case T “ 0. Here kerpT q “ Rn and ImpT q “ t⃗0u. Every nonzero vector lies in kerpT q and
does not lie in ImpT q, so it belongs to exactly one of the two. Thus T “ 0 is decisive.

Case T invertible. Here kerpT q “ t⃗0u and ImpT q “ Rn. Every nonzero vector lies in
ImpT q and does not lie in kerpT q, so it belongs to exactly one of the two. Thus any invertible T
is decisive.
Part 2: No other T is decisive.

Suppose T is neither the zero map nor invertible. We must show T is not decisive.
Since T is not invertible, kerpT q ‰ t⃗0u, so there exists a nonzero vector in kerpT q.

Since T ‰ 0, ImpT q ‰ t⃗0u, so there exists a nonzero vector in ImpT q.

Since T is not invertible, ImpT q ‰ Rn (by the rank-nullity theorem: kerpT q ‰ t⃗0u implies
rankpT q ă n, so ImpT q Ĺ Rn).

Since T ‰ 0, kerpT q ‰ Rn (otherwise T would be the zero map).

Now, for T to be decisive, every nonzero vector must lie in exactly one of ImpT q or kerpT q.
In particular, every nonzero vector must lie in at least one of them, which means

Rn “ ImpT q Y kerpT q.

(The zero vector belongs to both, and every nonzero vector belongs to at least one.)
But ImpT q and kerpT q are both proper subspaces of Rn (neither equals Rn, as shown above).

For n “ 1, the only proper subspace of R1 is t⃗0u, so both ImpT q and kerpT q would be t⃗0u,
contradicting rankpT q`nullitypT q “ 1. For n ě 2, Lemma 4.4 tells us that two proper subspaces
cannot cover Rn.

In all cases, ImpT q Y kerpT q ‰ Rn, so some nonzero vector belongs to neither. Therefore T is
not decisive. □
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