XO\AS MATH 201: LINEAR ALGEBRA
97\0 ' SUGGESTED PROBLEMS FOR WEEK 2

1. BASIC SKILLS

Problem 1.1. Consider a linear system of three equations with three unknowns. We are told
that the system has a unique solution. What does the reduced row-echelon form of the coefficient

matrix of this system look like?

The reduced row echelon forwe will be +the identity werrix.
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Problem 1.2. Consider a linear system of four equations with three unknowns. We are told
that the system has a unique solution. What does the reduced row-echelon form of the coefficient

matrix of this system look like?

1 # equodions = F rows

# wnnons = H= coluwmng
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Problem 1.3. Let

1 2 3 4 12 11 10 9
A=15 6 7 8|, B=|8 7 6 5
9 10 11 12 4 3 2 1

Find A + B and 24 + 3B.

12 13 )8 I3
A+RB= [z )2 13 13
jg2 13 1% )3

2 +36 ¢4 +33 6+30 BtAL*

AA+3R = | p+24 w+2l MH+IB 6+
1B+14 Aotg AR +6 24 +3

28 g7 36 3%
- |24 35 84 21
g0 29 28 a7
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Problem 1.4. Let

1 2
3 -1
U= |-5| andv= | 4
2 -3
4 5

Find the dot product 4 - ¥.

RoV=4-23-20-6+20=Z2-9 =-%

Problem 1.5. Let
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Compute the product Ax.
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Problem 1.6. Given the vectors 1 = [2|, ¥ = [5], determine if the vector
3 6
7
7= 18
9
can be expressed as a linear combination of ¥; and 5.
Can Yo Find nowmbers o, b such +hat Thus the system is *consistent* and therefore
has a solution.
a +4L =4
Lo +6b=2% Indeed b =2, a =-1 gives
2ot 66 = q
| 1+24)=7
1 L/il T 2+2(5) =8
4 '::8 o1 o -3+2(6)=9
8 61{d ] RREF [0 0 0
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Problem 1.7. Consider the following system of linear equations:
201 + 3190 — 23 =17
4x1 — 229 + Dx3 =8
—3x1 + o + 223 = —4

Find the matrix form of this system of equations, that is, express it in the form AZ = 5, where
A is the coefficient matrix, & is the vector of variables, and b is a constant vector.

4 -2 5 X2l = | 8
-3 1 i X3 -4
R S
A X

2 3 -171TX 7]
A.\

2. TyPICAL PROBLEMS

Problem 2.1. If the rank of a 4 x 4 matrix A is 4, what is rref(A)? If the rank of a 5 x 3 matrix
B is 3, what is rref(B)?

Z oo o
rrefd= [S 522
oo 2

ro0 O

_Jozo

rref (R) = o0 1
o0Q o

Problem 2.2. True or false?
e The linear system AZ = b is consistent if (and only if) rank(A) = rank[A[b]. True
e If A and B are matrices of the same size, then the formula rank (A + B) = rank(A) +

rank(B) must hold. False - Zor exawple, 1} A =T, and R-_-T5
e The rank of any upper triangular matrix is the number of nonzero entries on its diagonal. Tyue

1 0 2
o If A= [u,v,d] and rref(A) = [0 1 3], then the equation @ = 2@ + 37 must hold.
0 00
e If Ais any 4 x 3 matrix, then there exists a vector b in R* such that the system AT = b

is inconsistent.
True. The mokrix A is He auca—uwﬂd wedrix of the systenc
C‘r\.‘?}l‘J -!-é”;l = —L:‘)

True T Mhis aase, unote Hat rretlA) alwmd.& hoS o row

ok zeos.
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Problem 2.3. Consider the vectors ¥, ¥, U3 in R? shown in the picture below. How many
solutions z,y does the system
TV + yUs = Us

have? ,7[“ =[c]
ave : y v EJ Vg A
£

vy

A miqine zoluton. '
a o €
T}w awwm»\-td madrix o A= [ b ,: £ Z

Smee ¥, is not parsllel to T/Ib, yre f(A) > [i’ Z

R
—J

-

Problem 2.4. Consider the vectors ¥, ¥, ¥, U4 in R? shown in the picture below. Find two
solutions x, y, z of the linear system

TV + yva + 203 = vy.
How do you know this system has, in fact, infinitely many solutions?

U4

Uy

U3

Th Mus cow, Yhe rred CA) wohere A= I 7 1}:/;”1

has M Jorma
16wty Whm ¢=0, X=t ,4=38
[o 1 F,fs] whaw £ 21, x=t-%,4-8-p
we iuow He system has mlmidely

Moy SolMions siuce 7 IS A free

htep =D f- 8-t varidble.
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3. CHALLENGE PROBLEMS

Problem 3.1. Consider the matrix

a) Compute rank (A(t)) as a function of ¢. For which values of ¢ is the solution to the equation

A(t)Z = b unique for every b?

b) At the value(s) of ¢ where rank (A(t)) < 3, characterize all b for which A()Z = b is solvable.
When solvable, how many solutions are there?

a) Fumd £ swuch thor rreflAY = T
) e e (N “> ! 1), M2
o 3/2 Z—J‘;_—_t' —_— c 2 Rt -1 ] 0 3 LE-
o VY L o ] Fa) o A-t

W 4=z, rewmkA) =2 aol ¥ & F2z, rami (A) =232

CL'_G\Y’\@
L) Set £-=4
4 11 X, 5,
j’ ZZ [Xz] :—]f:.]
Lo Xy I3

Zx, + Xo 4 Xy ='AI X\*bg ’b"

X + XX, +lXs = b,
X, + X, + X2 = beg

=2 Ko +Xy +by = be =2 ‘2’-”3 ’gl"'é’z

Thus, AX =K is slvable ¢=> 5 sodisfies 3b, =2,+4,

'ﬂleve. ore 'rm¥'|u\{-\eha, mony  SUch vechovs L.



This problem comes from Section 1.8 of Ken Kuttler’s Linear Algebra book on LibreTexts. It
requires Kirchoff’s Law:

Theorem (Kirchoff’s Law). The sum of the resistance (R) times the amps (I) in the counter
clockwise direction around a loop equals the sum of the voltage sources (V') in the same direction
aroudn the loop.

Problem 3.2. The diagram below consists of four circuits. The current (Ix) in the four circuits
is denoted by Iy, Io, I3, I4. Using Kirchoff’s Law, write an equation for each circuit and solve for
each current.

20 27L|0£Is 30
AVAVAY, i|
18 volts l_--_ @ 4Q @ 1Q
60

23 volts T_—_

3Q

52

We gt 4 equations

AT, +2(t.-T) +U4(T.-1) = -I%
5T 4+ (T -T) +(7,-T)) = 23

3Ty + T + 6(Tg-Ty) +4(Li—T1,) =2.2
3Ty +2F4 + 6(Tu-T) +(Zu- T,) =0

-7 B -4 of-)@
MAULWMA#*& adrix 2:{; Z:L?:—i
-1 O -6 /Ib;o
‘3
o ! X
fEE&: 32%‘;;{3 | rez|nb =3 |2
o 0 O Li3%



