
FINAL EXAM – TRUE/FALSE WITH SOLUTIONS

FALL, 2025

True/False

(1) The linear system Ax⃗ “ b⃗ is consistent if and only if rankpAq “ rankpA | b⃗q.

Solution. True. By the rank criterion for consistency, a system Ax⃗ “ b⃗ has a solution
exactly when the rank of the coefficient matrix equals the rank of the augmented matrix.

(2) If A is a 3 ˆ 4 matrix of rank 3 then Ax⃗ “

»

–

1
2
3

fi

fl must have infinitely many solutions.

Solution. True. A 3 ˆ 4 matrix of rank 3 has a one-dimensional null space. Thus if
there is a solution, there are are infinitely many solutions. Furthermore, since rankA is
3, the corresponding linear transformation is surjective. Therefore all x⃗ P R3 are in the
image of A.

(3) There exists a 2 ˆ 2 matrix A such that A2 ‰ 0 and A3 “ 0.

Solution. False. Assume true. Let A be such a matrix. Then
‚ rankA “ 1 (since detpA3q “ pdetAq

3
“ 0 ñ detA “ 0.

‚ dimkerA “ 1 (by rank nullity)
‚ ImA2 Ď ImA (fact from class)
‚ ImA2 Ď kerA since A3x⃗ ApA2x⃗q “ 0

‚ ImA “ kerA (the two items above show that ImA X kerA ‰

!

0⃗
)

, and if two one

dimensional subspaces have nontrivial intersection, they must me equal.)

‚ A pAx⃗q “ 0⃗ @ x⃗ since Ax⃗ P ImA “ kerA.
‚ contradiction.

(4) If A is similar to B then there exists only one matrix S such that S´1AS “ B.

Solution. False. If S works, so does SP for any invertible matrix P that commutes
with B. In general there are many choices of change-of-basis matrices.

(5) If V and W are subspaces of Rn then V Y W is a subspace.

Solution. False. In general unions are not closed under addition. For example, in R2

let V be the x-axis and W the y-axis. Then p1, 0q, p0, 1q P V Y W , but their sum p1, 1q

is in neither V nor W .

(6) There exists a subspace of R3ˆ4 that is isomorphic to P9 (polynomials of degree at most
9).

Solution. True. Both R3ˆ4 and P9 are finite-dimensional; dimR3ˆ4 “ 12 and dimP9 “

10. Any 10-dimensional vector space can be embedded as a subspace of a 12-dimensional
one, so there is a 10-dimensional subspace of R3ˆ4 isomorphic to P9.

(7) Any 4-dimensional linear space has infinitely many 3-dimensional linear subspaces.

Solution. True. Over R, a 4-dimensional space is isomorphic to R4, which has infinitely
many 3-dimensional subspaces (for example, kernels of the linear functionals x1`tx2 “ 0
for different real t). The same holds for any 4-dimensional real vector space.

(8) If T : V Ñ W and both ImT and kerT are finite-dimensional, then V must be finite
dimensional.

Solution. True. Let tk1, . . . , kru be a basis of kerT and tw1, . . . , wsu a basis of ImT .
For each j choose vj P V with T pvjq “ wj . Then every v P V can be written as a linear
combination of the finite set tk1, . . . , kr, v1, . . . , vsu, so this set is a finite spanning set for
V , and hence V is finite-dimensional.
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(9) Every 3-dimensional subspace of R2ˆ2 contains at least one invertible matrix.

Solution. The statement is True. We prove that every 3-dimensional subspace of R2ˆ2

contains an invertible matrix.
Identify a matrix

ˆ

a b
c d

˙

with the vector pa, b, c, dq P R4. Then R2ˆ2 – R4. A 3-dimensional subspace W of a
4-dimensional space must be the kernel of a nonzero linear functional

ℓpa, b, c, dq “ αa ` βb ` γc ` δd,

so

W “

"ˆ

a b
c d

˙

: αa ` βb ` γc ` δd “ 0

*

,

where pα, β, γ, δq ‰ p0, 0, 0, 0q.
We will show that W contains a matrix with nonzero determinant.

Case 1: δ ‰ 0.
Choose a “ 0, b “ 1, c “ 1. The defining equation becomes

β ` γ ` δd “ 0 ñ d “ ´
β ` γ

δ
.

Thus

M “

¨

˝

0 1

1 ´
β ` γ

δ

˛

‚P W, detpMq “ ´1 ‰ 0.

Hence M is invertible.

Case 2: δ “ 0.
Then

ℓpa, b, c, dq “ αa ` βb ` γc.

Subcase 2a: β ‰ 0 or γ ‰ 0. Set d “ 1. We wish to solve αa ` βb ` γc “ 0.
‚ If β ‰ 0, choose a “ 1, c “ 0, and b “ ´α{β.
‚ If β “ 0 and γ ‰ 0, choose a “ 1, b “ 0, and c “ ´α{γ.
In either case we obtain a matrix

M “

ˆ

a b
c 1

˙

P W

with a ‰ 0, so

detpMq “ a ´ bc ‰ 0.

Subcase 2b: β “ γ “ 0. Then ℓpa, b, c, dq “ αa, and since α ‰ 0 we have a “ 0 for all
matrices in W . Thus

W “

"ˆ

0 b

c d

˙

: b, c, d P R
*

.

The matrix
ˆ

0 1

1 0

˙

P W

has determinant ´1 ‰ 0 and is therefore invertible.

In every possible case, W contains an invertible matrix. Therefore every 3-dimensional
subspace of R2ˆ2 contains at least one invertible matrix. □

(10) All nonzero symmetric matrices are invertible.

Solution. False. The matrix

„

1 0
0 0

ȷ

is symmetric and nonzero but singular.
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(11) If ∥Ax⃗∥ ď ∥x⃗∥ for all x⃗ P Rn then A must represent the orthogonal projection onto a
subspace V of Rn.

Solution. False. The matrix A “ 1
2In satisfies ∥Ax⃗∥ “ 1

2∥x⃗∥ ď ∥x⃗∥ for all x⃗, but A is

not a projection since A2 “ 1
4In ‰ A.

(12) The formula pkerBq
K

“ ImpBJq holds for all matrices.

Solution. True. If x P ImpBT q, then x “ BT y for some vector y. For any v P kerB,

x ¨ v “ pBT yq ¨ v “ y ¨ pBvq “ y ¨ 0 “ 0.

Thus every vector in ImpBT q is orthogonal to every vector in kerB, so

ImpBT q Ă pkerBqK.

Now compare dimensions. By rank–nullity,

dimpkerBq ` rankpBq “ n ùñ dim
`

pkerBqK
˘

“ rankpBq.

Also

dim
`

ImpBT q
˘

“ rankpBT q “ rankpBq.

Since ImpBT q is a subspace of pkerBqK with the same dimension, they must be equal:

pkerBqK “ ImpBT q.

(13) det
`

A10
˘

“ det pAq
10 for all 10 ˆ 10 matrices.

Solution. True. Since detpABq “ detpAq detpBq, we have detpA10q “ detpAq10 for any
square matrix A of any size.

(14) There exist invertible 2 ˆ 2 matrices A and B such that detpA ` Bq “ detpAq ` detpBq.

Solution. True. For example,

A “

„

´1 ´1
´1 0

ȷ

, B “

„

´1 ´1
0 ´1

ȷ

are both invertible with detpAq “ ´1 and detpBq “ 1. Then

A ` B “

„

´2 ´2
´1 ´1

ȷ

has determinant 0, so detpA ` Bq “ 0 “ detpAq ` detpBq.

(15) There exists a real number k such that
»

—

—

–

1 2 3 4
5 6 k 7
8 9 8 7
0 0 6 5

fi

ffi

ffi

fl

is invertible.

Solution. True. The determinant of this matrix is 7p5k ´ 37q. This is nonzero for any
k ‰ 37{5, so, for example, k “ 0 makes the matrix invertible.

(16) A matrix A is diagonalizable if and only if it is invertible.

Solution. False. The matrix diagp1, 1, 0q is diagonalizable but not invertible, while the

Jordan block

„

1 1
0 1

ȷ

is invertible but not diagonalizable.

(17) If two n ˆ n matrices are diagonalizable, they must commute.

Solution. False. Take

A “

„

1 0
0 2

ȷ

, B “

„

0 1
1 0

ȷ

.

Both are diagonalizable, but AB ‰ BA.
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(18) If A is an invertible n ˆ n matrix and v⃗ ‰ 0⃗ is an eigenvector of A with eigenvalue λ,
then v⃗ is also an eigenvector of A´1 with eigenvalue 1{λ.

Solution. True. From Av⃗ “ λv⃗, multiply by A´1 to get v⃗ “ λA´1v⃗, hence A´1v⃗ “

p1{λqv⃗.

(19) If an n ˆ n real matrix A has n distinct real eigenvalues, then A is diagonalizable over
R.
Solution. True. Eigenvectors corresponding to distinct eigenvalues are linearly inde-
pendent, giving n independent eigenvectors, hence a basis in which A is diagonal.

(20) If v⃗ ‰ 0⃗ is an eigenvector of A with eigenvalue λ, then v⃗ is an eigenvector of Ak with
eigenvalue λk for every positive integer k.

Solution. True. By induction, Akv⃗ “ Ak´1pAv⃗q “ Ak´1pλv⃗q “ λAk´1v⃗ “ ¨ ¨ ¨ “ λkv⃗.

(21) A projection matrix P satisfying P 2 “ P has only the eigenvalues 0 and 1.

Solution. True. If P v⃗ “ λv⃗, then applying P again gives P 2v⃗ “ P pP v⃗q “ P pλv⃗q “

λ2v⃗. But P 2 “ P implies λ2v⃗ “ λv⃗, so pλ2 ´ λqv⃗ “ 0. Since v⃗ ‰ 0, λpλ ´ 1q “ 0, so
λ “ 0 or λ “ 1.

Basic Skills

(1) Convert the following system into an augmented matrix and perform one step of row
reduction:

#

x1 ` 2x2 ´ x3 “ 4,

2x1 ´ x2 ` 3x3 “ 5.

Solution. The augmented matrix is
„

1 2 ´1 4
2 ´1 3 5

ȷ

.

Perform the row operation R2 Ð R2 ´ 2R1:
„

1 2 ´1 4
0 ´5 5 ´3

ȷ

.

(2) Find the rank of the matrix

A “

»

—

—

–

1 0 0 1
0 1 1 0
1 0 0 1
0 0 0 2

fi

ffi

ffi

fl

.

Solution. We row reduce the matrix

A “

»

—

—

–

1 0 0 1
0 1 1 0
1 0 0 1
0 0 0 2

fi

ffi

ffi

fl

.

Subtract the first row from the third row:
»

—

—

–

1 0 0 1
0 1 1 0
0 0 0 0
0 0 0 2

fi

ffi

ffi

fl

.

This matrix has pivots in the first, second, and fourth columns, so there are three pivot
rows. Hence

rankpAq “ 3.
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(3) Let T : R3 Ñ R2 be given by

T

»

–

x
y
z

fi

fl “

„

x ` 2y
y ´ 3z

ȷ

.

Write the matrix of T .

Solution. Read off the coefficients:

A “

„

1 2 0

0 1 ´3

ȷ

.

(4) Compute the product
„

1 0 2
3 ´1 4

ȷ

»

–

2
´1
3

fi

fl .

Solution.
«

1 ¨ 2 ` 0 ¨ p´1q ` 2 ¨ 3

3 ¨ 2 ` p´1q ¨ p´1q ` 4 ¨ 3

ff

“

„

8
19

ȷ

.

(5) Compute the determinant:

det

„

4 1
´2 3

ȷ

.

Solution.

4 ¨ 3 ´ 1 ¨ p´2q “ 12 ` 2 “ 14.

(6) Find all eigenvalues and eigenspaces of the matrix

A “

„

3 1
0 3

ȷ

.

Solution. Eigenvalues are diagonal entries: λ “ 3 (multiplicity 2).
Solve pA ´ 3Iqx “ 0:

„

0 1
0 0

ȷ „

x
y

ȷ

“

„

0
0

ȷ

ñ y “ 0.

So eigenvectors are all multiples of

„

1
0

ȷ

.

Thus

E3 “ span

"„

1
0

ȷ*

.

(7) Consider

A “

»

–

2 0 0
0 5 1
0 0 5

fi

fl .

List the eigenvalues of A and state their algebraic and geometric multiplicities.

Solution.
We are given

A “

»

–

2 0 0
0 5 1
0 0 5

fi

fl .

Since A is upper triangular, its eigenvalues are the diagonal entries:

λ1 “ 2, λ2 “ 5, λ3 “ 5.

Thus the algebraic multiplicities are

map2q “ 1, map5q “ 2.
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Eigenvalue λ “ 2.

A ´ 2I “

»

–

0 0 0
0 3 1
0 0 3

fi

fl .

To find the eigenspace we solve pA ´ 2Iqx “ 0:
$

’

&

’

%

0 “ 0,

3x2 ` x3 “ 0,

3x3 “ 0.

ñ x3 “ 0, x2 “ 0, x1 free.

So eigenvectors have the form px1, 0, 0qT and the eigenspace is

E2 “ spantp1, 0, 0qT u.

Hence the geometric multiplicity of λ “ 2 is

mgp2q “ 1.

Eigenvalue λ “ 5.

A ´ 5I “

»

–

´3 0 0
0 0 1
0 0 0

fi

fl .

Solve pA ´ 5Iqx “ 0:
$

’

&

’

%

´3x1 “ 0,

x3 “ 0,

0 “ 0,

ñ x1 “ 0, x3 “ 0, x2 free.

So eigenvectors have the form p0, x2, 0qT and the eigenspace is

E5 “ spantp0, 1, 0qT u.

Therefore the geometric multiplicity of λ “ 5 is

mgp5q “ 1.

In summary,

λ “ 2 : map2q “ 1, mgp2q “ 1, λ “ 5 : map5q “ 2, mgp5q “ 1.

(8) Consider the matrix

B “

»

–

1 2 0
0 1 0
0 0 3

fi

fl .

(a) Find all eigenvalues of B and their algebraic multiplicities.
(b) Find a basis for each eigenspace of B.
(c) Is B diagonalizable? Justify your answer.

Solution. (a) Eigenvalues and algebraic multiplicities.
B is upper triangular, so eigenvalues are diagonal entries:

λ1 “ 1, λ2 “ 1, λ3 “ 3.

Thus

alg. mult. of 1 “ 2, alg. mult. of 3 “ 1.

(b) Eigenspaces.
For λ “ 1:

B ´ I “

»

–

0 2 0
0 0 0
0 0 2

fi

fl .

Solve pB ´ Iqx “ 0 for x “ px1, x2, x3qT :

2x2 “ 0 ñ x2 “ 0, 2x3 “ 0 ñ x3 “ 0,
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x1 is free. So

E1 “ kerpB ´ Iq “

$

&

%

»

–

x1
0
0

fi

fl : x1 P R

,

.

-

“ span

$

&

%

»

–

1
0
0

fi

fl

,

.

-

.

Geometric multiplicity of λ “ 1 is 1.
For λ “ 3:

B ´ 3I “

»

–

´2 2 0
0 ´2 0
0 0 0

fi

fl .

Solve pB ´ 3Iqx “ 0:

´2x2 “ 0 ñ x2 “ 0, ´2x1 ` 2x2 “ ´2x1 “ 0 ñ x1 “ 0, x3 free.

So

E3 “ kerpB ´ 3Iq “

$

&

%

»

–

0
0
x3

fi

fl : x3 P R

,

.

-

“ span

$

&

%

»

–

0
0
1

fi

fl

,

.

-

.

Geometric multiplicity of λ “ 3 is 1.
(c) Diagonalizability.
The sum of geometric multiplicities is

dimE1 ` dimE3 “ 1 ` 1 “ 2 ă 3 “ size of B.

Therefore B does not have a basis of eigenvectors and is **not diagonalizable**.

Typical Problems

(1) For what values of a, b, c is the matrix

A “

»

–

5 a b
0 5 c
0 0 5

fi

fl

diagonalizable?

Solution. The matrix A has one eigenvalue, 5, with algebraic multiplicity 3. Its
eigenspace is

E5 “ ker

¨

˝

»

–

0 a b
0 0 c
0 0 0

fi

fl

˛

‚.

This space has dimension 3 if and only if

a “ b “ c “ 0.

(2) Let A : R4 Ñ R4 be given by

A

»

—

—

–

x1
x2
x3
x4

fi

ffi

ffi

fl

“
1

2

»

—

—

–

x1 ` x2
x2 ` x3
x3 ` x4
x4 ` x1

fi

ffi

ffi

fl

.

(a) Compute all eigenvalues of A.
(b) Compute the geometric multiplicity of each eigenvalue.
(c) Determine whether A is diagonalizable.

Solution.
(a) We begin by writing A as a matrix in the standard basis

A “
1

2

»

—

—

–

1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1

fi

ffi

ffi

fl

.
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Then, we compute the eigenvalues by solving the characteristic equation of A. Sup-
pose that

M “

»

—

—

–

1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1

fi

ffi

ffi

fl

Then note that det pA ´ λIq “ det
`

1
2M ´ λI

˘

“ det
`

1
2 pM ´ 2λIq

˘

“
`

1
2

˘4
det pM ´ 2λIq.

Thus the eigenvalues of A are solutions to

det pM ´ 2λIq “ 0.

We compute∣∣∣∣∣∣∣∣
1 ´ 2λ 1 0 0

0 1 ´ 2λ 1 0
0 0 1 ´ 2λ 1
1 0 0 1 ´ 2λ

∣∣∣∣∣∣∣∣ “ p1 ´ 2λq
4

´ 1 “ 0.

Therefore A has two real eigenvalues:

λ1 “ 0 λ2 “ 1.

(b) Next we calculate the eigenspaces.

E0 “ ker pAq “ ker

¨

˚

˚

˝

»

—

—

–

1 1 0 0
0 1 1 0
0 0 1 1
1 0 0 1

fi

ffi

ffi

fl

˛

‹

‹

‚

“ span

$

’

’

&

’

’

%

»

—

—

–

1
´1
1

´1

fi

ffi

ffi

fl

,

/

/

.

/

/

-

.

because of the relation v⃗1 ´ v⃗2 ` v⃗3 ` v⃗4 “ 0 among the column vectors of M .
Similarly,

E1 “ ker pA ´ Iq “ ker

¨

˚

˚

˝

1

2

»

—

—

–

´1 1 0 0
0 ´1 1 0
0 0 ´1 1
1 0 0 ´1

fi

ffi

ffi

fl

˛

‹

‹

‚

“ span

$

’

’

&

’

’

%

»

—

—

–

1
1
1
1

fi

ffi

ffi

fl

,

/

/

.

/

/

-

because of the relation v⃗1 ` v⃗2 ` v⃗3 ` v⃗4 “ 0 among the column vectors of A ´ I.
Thus

dimE0 “ dimE1 “ 1.

(c) The matrix A is not diagonalizable since dimE0 ` dimE1 “ 1 ` 1 “ 2 ă 4.

(3) Let V be the space of all real sequences x “ txiu
8
i“0 “ px0, x1, x2, . . . q. Consider the

linear operator D : V Ñ V defined by

pDxqn “ xn`1 ´ xn.

That is, for any sequence x “ txiu
8
i“0, the nth element of the sequence Dx is xn`1 ´ xn.

Let W “ tx P V : xn “ an ` b for some a, b P Ru.
(a) What is the dimension of W?
(b) Find the image of D.
(c) Compute the eigenvalues of D restricted to W and a basis of eigenvectors in W .

Solution.
(a) a, b are free parameters, so dimW “ 2.
(b) Suppose that txiu

8
i“0 is an arbitrary sequence contained in W . Then

pDxqn “ xn`1 ´ xn

“ a pn ` 1q ` b ´ an ´ b

“ a pn ` 1q ´ apnq

“ an ` a ´ an

“ a
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for all indices n. Thus

ImD “ tconstant sequencesu “ tx “ txiu
n
i“0 | xi “ au

(c) Suppose that x is an eigenvector of D
ˇ

ˇ

W
. Then

pDxqn “ λxn

a “ λ pan ` bq

a “ λan ` λb.

Since the right hand side of this equation depends on n while the left hand side
does not, it implies that

λa “ 0.

Thus we have two cases.
Case 1: a “ 0. In this case, xn “ b for all n. Then pDxqn “ 0 so λ “ 0.
Case 2: a ‰ 0. In this case, λ “ 0 as well.
Therefore, D

ˇ

ˇ

W
has exactly one eigenvalue. λ “ 0. The eigenspace

E0 “ kerD
ˇ

ˇ

W
“ tconstant sequencesu .

(4) Suppose that T : V Ñ V where V is finite-dimensional satisfies T ˝ T “ I.
(a) Show that if v⃗ is an eigenvector of T , then it must have eigenvalue `1 or ´1.
(b) Show that T must have an eigenvector.

Solution.
(a) Let v⃗ be an eigenvector of T . Then

T v⃗ “ λv⃗

T pT v⃗q “ T pλv⃗q “ λ2v⃗

ñ v⃗ “ λ2v⃗ psince T 2 “ Iq

ñ λ “ ˘1.

(b) Let v⃗ P V be arbitrary. Set

u⃗` “ v⃗ ` T v⃗ u⃗´ “ v⃗ ` T v⃗.

Then

T pu⃗`q “ T pv⃗ ` T v⃗q “ T v⃗ ` T 2v⃗ “ T v⃗ ` v⃗ “ v⃗ ` T pv⃗q “ u⃗`.

We therefore have two cases.
(i) Case 1: u⃗` ‰ 0. Then indeed, u⃗` is an eigenvector with eigenvalue 1.
(ii) Case 2: u⃗` “ 0. In this case, the above calculation reduces to

T pv⃗q “ ´v⃗

so v⃗ is an eigenvector with eigenvalue -1.

(5) Define T : P3 Ñ P3 by

T pppxqq “ pp1 ´ xq.

(a) Compute the eigenvalues and eigenspaces of T .
(b) Determine whether any polynomial of degree 3 can be an eigenvector of T .

Solution.
(a) Observe that T 2pppxqq “ p p1 ´ p1 ´ xqq “ ppxq. That is, T 2 “ I. This means,

by the previous problem, that T has eigenvectors with eigenvalues ˘1. Let ppxq “

ax3 ` bx2 ` cx ` d. Then

T pppxqq “ pp1 ´ xq

“ ap1 ´ xq3 ` bp1 ´ xq2 ` cp1 ´ xq ` d

“ p´aqx3 ` p3a ` bqx2 ` p´3a ´ 2b ´ cqx ` pa ` b ` c ` dq.
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(i) Case 1: T pppxqq “ ppxq. In this case,

´a “ a

3a ` b “ b

´3a ´ 2b ´ c “ c

a ` b ` c ` d “ d

which implies

a “ c “ 0.

Therefore,

E1 “
␣

ppxq “ bx2 ` d | b, d P R
(

which is 2 dimensional.
(ii) Case 2: T pppxqq “ ´ppxq. In this case,

´a “ ´a

3a ` b “ ´b

´3a ´ 2b ´ c “ ´c

a ` b ` c ` d “ ´d

which implies

a “ ´2b d “
1

4
a ´

1

2
c.

Therefore,

E´1 “

"

ppxq “ a

ˆ

x3 ´
3

2
x2 `

1

4

˙

` c

ˆ

x ´
1

2

˙

| a, c P R
*

which is also 2 dimensional.
(b) No. In order to be an eigenvector, it must live entirely in E1 or E´1.

(6) Let R be rotation of R2 by 90˝. Let P be orthogonal projection onto the line spanned

by

„

2
1

ȷ

. Define S “ RP .

(a) Find all eigenvalues of S.
(b) Find a basis of kerpSq.
(c) Determine whether S2 is diagonalizable.

Solution. Set u⃗ “ 1?
5

„

2
1

ȷ

(which has unit length). Then

P “ u⃗Ju⃗ “
1

5

„

4 2
2 1

ȷ

.

The matrix representing rotation by 90˝ is

R “

„

0 ´1
1 0

ȷ

.

Then

S “ RP “
1

5

„

0 ´1
1 0

ȷ „

4 2
2 1

ȷ

“
1

5

„

´2 ´1
4 2

ȷ

.

(a) Eigenvalues of S are p1{5q times eigenvalues of M “

„

´2 ´1
4 2

ȷ

.

Characteristic polynomial of M :

detpM ´ µIq “

∣∣∣∣´2 ´ µ ´1
4 2 ´ µ

∣∣∣∣ “ p´2 ´ µqp2 ´ µq ` 4 “ µ2.

So µ “ 0 with algebraic multiplicity 2. Hence S also has only one eigenvalue λ “ 0,
with algebraic multiplicity 2.
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(b) Sx⃗ “ RPx⃗ “ 0 iff Px⃗ “ 0 (since R is invertible). Thus

kerpSq “ span

"„

1
´2

ȷ*

.

(c) Note that
1

25

„

´2 ´1
4 2

ȷ „

´2 ´1
4 2

ȷ

“
1

25

„

0 0
0 0

ȷ

.

Therefore S2 is the zero matrix which is trivially already diagonal and therefore
diagonalizable.

(7) Define T : P2 Ñ R3 by

T ppq “

»

–

pp0q

pp1q

pp´1q

fi

fl .

(a) What is the rank of T .
(b) Find the kernel of T . Is T injective?

Solution. Write ppxq “ a ` bx ` cx2. Then

pp0q “ a, pp1q “ a ` b ` c, pp´1q “ a ´ b ` c.

So with respect to basis t1, x, x2u and standard basis of R3,

rT s “

»

–

1 0 0
1 1 1
1 ´1 1

fi

fl .

The determinant is

detrT s “ 1 ¨ det

„

1 1
´1 1

ȷ

“ 1 ¨ p1 ¨ 1 ´ 1 ¨ p´1qq “ 2 ‰ 0.

(a) The rank of T is 3 because T is invertible.

(b) The kernel of T “

!

0⃗
)

.

Theorem (Cayley–Hamilton). Let A be an nˆn matrix with characteristic polynomial

pApλq “ detpλI ´ Aq “ λn ` cn´1λ
n´1 ` ¨ ¨ ¨ ` c1λ ` c0.

Then A satisfies its own characteristic polynomial:

pApAq “ An ` cn´1A
n´1 ` ¨ ¨ ¨ ` c1A ` c0I “ 0.

(8) Let

A “

„

3 1
´1 1

ȷ

, Mn “ An pn ě 0q.

(a) Show that the sequence pMnq satisfies a matrix recurrence of the form

Mn`2 “ cMn`1 ` dMn

for some real constants c, d, and determine c and d.
(b) Use this recurrence (without computing all intermediate powers by hand) to find

A5.
(c) Find a closed formula for An for all integers n ě 0.
(d) Give a brief geometric description of the long-term behavior of Anv⃗ as n Ñ 8 for

a nonzero vector v⃗ P R2.

Solution.
(a) First compute the characteristic polynomial of A:

pApλq “ det

„

λ ´ 3 ´1
1 λ ´ 1

ȷ

“ pλ ´ 3qpλ ´ 1q ` 1 “ λ2 ´ 4λ ` 4 “ pλ ´ 2q2.

By the Cayley–Hamilton theorem,

A2 ´ 4A ` 4I “ 0,
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so

A2 “ 4A ´ 4I.

Multiply this relation on the left by An to get

An`2 “ 4An`1 ´ 4An,

i.e.

Mn`2 “ 4Mn`1 ´ 4Mn.

Thus c “ 4 and d “ ´4.

(b) We have

M0 “ I “

„

1 0
0 1

ȷ

, M1 “ A “

„

3 1
´1 1

ȷ

.

From the recurrence

Mn`2 “ 4Mn`1 ´ 4Mn

we get

M2 “ 4M1 ´ 4M0 “ 4

„

3 1
´1 1

ȷ

´ 4

„

1 0
0 1

ȷ

“

„

8 4
´4 0

ȷ

.

Then

M3 “ 4M2 ´ 4M1 “ 4

„

8 4
´4 0

ȷ

´ 4

„

3 1
´1 1

ȷ

“

„

20 12
´12 ´4

ȷ

.

Similarly,

M4 “ 4M3 ´ 4M2 “ 4

„

20 12
´12 ´4

ȷ

´ 4

„

8 4
´4 0

ȷ

“

„

48 32
´32 ´16

ȷ

,

and

M5 “ 4M4 ´ 4M3 “ 4

„

48 32
´32 ´16

ȷ

´ 4

„

20 12
´12 ´4

ȷ

“

„

112 80
´80 ´48

ȷ

.

Thus

A5 “ M5 “

„

112 80
´80 ´48

ȷ

.

(c) We now find a closed form for An.
From part (a), A satisfies

A2 ´ 4A ` 4I “ 0 ðñ pA ´ 2Iq2 “ 0.

Let

N :“ A ´ 2I “

„

1 1
´1 ´1

ȷ

.

A quick computation shows

N2 “ 0.

We can write

A “ 2I ` N.

Then

An “ p2I ` Nqn “

n
ÿ

k“0

ˆ

n

k

˙

2n´kNk.

Since N2 “ 0, all terms with k ě 2 vanish, so

An “ 2nI ` n2n´1N for all n ě 0.

Substitute N :

An “ 2n
„

1 0
0 1

ȷ

` n2n´1

„

1 1
´1 ´1

ȷ

“

«

2n ` n2n´1 n2n´1

´n2n´1 2n ´ n2n´1

ff

.
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A slightly cleaner form is

An “ 2n´1

„

2 ` n n

´n 2 ´ n

ȷ

.

(d) Geometrically, the characteristic polynomial is pλ´2q2, so A has a single eigenvalue
λ “ 2 with algebraic multiplicity 2, but A ‰ 2I, so it is not diagonalizable. We can
write

A “ 2I ` N, N2 “ 0.

Then
An “ 2npI ` n

2Nq.

The dominant factor 2n shows that vectors are expanded in magnitude roughly like
2n. The nilpotent part I ` n

2N contributes a shear that grows linearly in n, but this
is dominated by the exponential growth 2n.

More concretely, A has a one-dimensional eigenspace for λ “ 2; for any nonzero
initial vector v⃗, the direction of Anv⃗ tends to the eigenvector direction as n Ñ 8,
while the length of Anv⃗ grows on the order of 2n. So the long-term behavior is:
exponential expansion with rate 2, together with a shear that eventually pushes all
vectors into (approximately) the eigenvector direction.

(9) A population evolves according to

x⃗n`1 “ Axn, A “

„

2 1
1 2

ȷ

.

Find a formula for x⃗n. Compute limnÑ8 x⃗n for the initial condition x⃗0 “

„

100
200

ȷ

.

Solution. We diagonalize the matrix

A “

˜

2 1

1 2

¸

.

Step 1: Find eigenvalues.
Compute the characteristic polynomial:

detpA ´ λIq “

∣∣∣∣2 ´ λ 1
1 2 ´ λ

∣∣∣∣ “ p2 ´ λq2 ´ 1 “ λ2 ´ 4λ ` 3.

Thus the eigenvalues are
λ1 “ 3, λ2 “ 1.

Step 2: Find eigenvectors.
For λ “ 3:

pA ´ 3Iq

ˆ

x
y

˙

“ 0 ñ ´x ` y “ 0,

so an eigenvector is

u “

ˆ

1
1

˙

.

For λ “ 1:

pA ´ Iq

ˆ

x
y

˙

“ 0 ñ x ` y “ 0,

so an eigenvector is

w “

ˆ

1
´1

˙

.

Step 3: Express the initial vector in the eigenbasis.
We want constants α, β so that

x⃗0 “

ˆ

100
200

˙

“ αu ` βw “ α

ˆ

1
1

˙

` β

ˆ

1
´1

˙

“

ˆ

α ` β
α ´ β

˙

.

Thus
α ` β “ 100, α ´ β “ 200.
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Solving gives
α “ 150, β “ ´50.

Step 4: Compute x⃗n “ Anx⃗0.
Since

Anu “ 3nu, Anw “ 1nw,

we obtain

x⃗n “ Anpαu ` βwq “ α3nu ` βw “ 150 ¨ 3n
ˆ

1
1

˙

´ 50

ˆ

1
´1

˙

.

Thus

x⃗n “

˜

150 ¨ 3n ´ 50

150 ¨ 3n ` 50

¸

.

Step 5: Compute lim
nÑ8

x⃗n.

Since 3n Ñ 8, both components grow without bound and

lim
nÑ8

x⃗n “

ˆ

8

8

˙

.

More precisely, the direction approaches the eigenvector p1, 1q, because the term involving
3n dominates.

Challenge Problems

(1) Let pExqn “ xn`1 and pAxqn “ 1
2pxn´1 ` xn`1q (with x´1 “ 0). Let T “ A ´ E.

Describe *all* sequences x “ px0, x1, x2, . . .q such that

T pT pxqq “ 0 but T pxq ‰ 0.

Solution. We have

pTxqn “
xn´1 ` xn`1

2
´ xn`1 “

xn´1 ´ xn`1

2
.

Set y “ T pxq. Then

yn “
xn´1 ´ xn`1

2
pn ě 0q,

or equivalently
xn`1 “ xn´1 ´ 2yn.

The condition T pT pxqq “ 0 means T pyq “ 0, so y P kerT but y ‰ 0. From part (a) in
the earlier long solution, kerT consists of sequences of the form

y “ pa, 0, a, 0, a, 0, . . . q, a P R.
The condition T pxq ‰ 0 is equivalent to a ‰ 0.

Thus we are solving

xn`1 “ xn´1 ´ 2yn with yn “

#

a if n is even,

0 if n is odd,
a ‰ 0.

Split the recurrence into even and odd n:
- For n “ 2k (even): x2k`1 “ x2k´1 ´ 2a. - For n “ 2k ` 1 (odd): x2k`2 “ x2k.
Thus:
- The even subsequence px2kq is arbitrary except for consistency of the recurrence

x2k`2 “ x2k; so px2kq must be 2-periodic: x2k “ E for all k, where E “ x0 is free. - The
odd subsequence px2k`1q satisfies x2k`1 “ x2k´1 ´ 2a, giving

x2k`1 “ O ´ 2ka, k ě 0,

where O “ x1 is arbitrary.
So all sequences x with T pT pxqq “ 0 and T pxq ‰ 0 are exactly those of the form

x “ pE, O, E, O ´ 2a, E, O ´ 4a, E, O ´ 6a, . . . q,

with parameters E,O P R arbitrary and a P Rzt0u.

(2) (a) Find all linear transformations T : R2 Ñ R2 with the following properties:
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(i) T maps the vector v⃗ “

„

1
1

ȷ

to T v⃗ “

„

3
1

ȷ

.

(ii) T triples all areas.
(b) Assume that T has two real eigenvalues (or possibley one real eigenvalue with mut-

liplicity 2). For the dynamical system x⃗n`1 “ T x⃗n, which initial conditions x⃗0
satisfy

lim
nÑ8

∥Tnx⃗0∥ ă 8

Solution.
(a) Write the matrix of T in the standard basis as

A “

„

a b
c d

ȷ

.

Condition (i) says

T v⃗ “ T

„

1
1

ȷ

“

„

a ` b
c ` d

ȷ

“

„

3
1

ȷ

,

so
a ` b “ 3, c ` d “ 1. (1)

Condition (ii) says
detpT q “ ad ´ bc “ 3. (2)

From c ` d “ 1 we get d “ 1 ´ c, and from a ` b “ 3 we get a “ 3 ´ b. Plugging
into (2),

p3 ´ bqp1 ´ cq ´ bc “ 3 ùñ 3 ´ 3c ´ b “ 3 ùñ b “ ´3c.

Hence
a “ 3 ´ b “ 3 ` 3c, d “ 1 ´ c.

So every T satisfying (i) and (ii) is represented by a matrix of the form

Ac “

„

3 ` 3c ´3c

c 1 ´ c

ȷ

, c P R. (3)

(b) We want to determine which initial conditions x⃗0 produce a bounded sequence

x⃗n “ Tnx⃗0.

Use the fact that detpT q “ 3 ą 1. Since detpT q “ 3, the product of the eigen-
values of T is 3. Therefore at least one eigenvalue of T has absolute value strictly
greater than 1. This already implies:

If x⃗0 has any component in the direction that expands, then }Tnx⃗0} will grow without
bound.
So the only chance to obtain bounded orbits is to start in a direction that does not
expand.

Because detpT q “ 3 ą 1, T can behave in only the following two ways.

Case 1. Every direction expands.
This happens when both eigenvalues of T have absolute value greater than 1. In this
situation, no matter which nonzero initial vector x⃗0 is chosen, its image is stretched
at least a little in every step, so

}Tnx⃗0} Ñ 8 for all x⃗0 ‰ 0.

The only bounded initial condition is x⃗0 “ 0⃗.

Case 2. There is exactly one non-expanding direction.
Here T has one eigenvalue with absolute value at most 1, and one eigenvalue with
absolute value greater than 1. Let v⃗ be an eigenvector corresponding to the non-
expanding eigenvalue. Every vector x⃗0 can be written as a combination of v⃗ and
some other vector that is not a multiple of v⃗. The part of x⃗0 in the “expanding”
direction grows without bound under repeated application of T , while the part in
the direction of v⃗ stays bounded.
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Therefore:

}Tnx⃗0} is bounded ðñ x⃗0 is a scalar multiple of v⃗.

Conclusion. Let λ1, λ2 be the (real) eigenvalues of T .
‚ If both eigenvalues satisfy |λi| ą 1, then the only bounded initial condition is

x⃗0 “ 0⃗.
‚ If exactly one eigenvalue satisfies |λ| ď 1, then the set of all bounded ini-
tial conditions is precisely the one-dimensional eigenspace of that eigenvalue
(together with 0⃗). In this case, every other initial condition produces an
unbounded orbit.

These are all the possibilities for bounded orbits of the system x⃗n`1 “ Acx⃗n.
We can calculate the expanding one dimensional subspace concretely. First, note
that the eigenvalues of Ac are

λ˘pcq “ 2 ` c ˘
a

c2 ` 4c ` 1.

Solving pAc ´ λIq v⃗ “ 0⃗ tells us

E`pcq “ span

"„

´3c
λ`pcq ´ 3 ´ 3c

ȷ*

This situation is relevant when c ě ´2 `
?
3.
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