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1 Basic Skills (40 points)

Problem 1.1 (10 points). A linear transformation T : R3 → R2 satisfies

T
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.

Write a matrix A such that T(x) = Ax. Compute T
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

Problem 1.2. Suppose that T : R4 → R3 is defined by T(x) = Ax where

A =





1 2 0 1
0 0 1 3
0 0 0 0



 .

(a) (4 points). Find dim (kerT)

(b) (3 points). Find dim (mT)

(c) (3 points). Find a nonzero vector in kerT.

Math 201 Linear Algebra Midterm Exam- Page 1 of 11 Fall Semester 2025



SIGNATURE: ID:

Problem 1.3. Suppose that a system of linear equations has 4 variables. Suppose also that its coefficient matrix has
rank 3.

(a) (5 points). How many free variables must the system have?

(b) (5 points). If the system is consistent, how many solutions does it have?

Be sure to justify your answers.
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Problem 1.4. Let A,B,C be n× n matrices. Suppose that ABC = n.

(a) (5 points). Prove that A and C are invertible.

(b) (5 points). Prove that B is invertible by finding a formula for B−1 in terms of A and C.

Math 201 Linear Algebra Midterm Exam- Page 3 of 11 Fall Semester 2025



SIGNATURE: ID:

2 Typical Problems (60 points)

Problem 2.1. Consider the matrix

A =





1 t 1
1 1 t
t 1 1



 .

(a) (6 points). For what values of t is A invertible?

(b) (6 ponts). For those values of t for which A is not invertible, write a basis for mA.
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Problem 2.2 (12 points). Find all 3 by 3 matrices A whose kernel contains the vectors v1 =





1
0
1



 and v2 =





0
1
0



.
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Problem 2.3. Consider the subspace W =
�

v ∈ R4 | v ⊥ 1, and v ⊥ 2
	

where

1 =







1
0
−1
1






, and 2 =







0
1
2
3






.

(a) (4 points). Find a basis B for W.

(b) (4 points). Show that v =







0
−5
1
1






∈W.

(c) (4 points). Write the B-vector of v.
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Problem 2.4. For each of the following sets, prove that W is a subspace and determine its dimension or show that
W is not a subspace. Justify your answers.

(a) (6 points). W =
�

(, y, z) ∈ R3 | 2− y = 3z and  = y
	

(b) (6 points). W =
�

(, y, z) ∈ R3 | y = 0
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Problem 2.5. Let B = {b1,b2} where

b1 =
�

1
2

�

b2 =
�

1
3

�

.

(a) (4 points). Show that B is a basis for R2.

(b) (8 points). Let

A =
�

2 1
0 1

�

.

Find a matrix B such that B [x]B = [Ax]B for all x ∈ R2.
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3 Challenge Problem (8 points)

Recall that the length of a vector v =
�


y

�

in R2 is defined to be || =
Æ

2 + y2. Find all linear transformations

T : R2 → R2 such that

• |T(v)| = |v|

• and there exists  such that T() ⊥ .

Math 201 Linear Algebra Midterm Exam- Page 10 of 11 Fall Semester 2025



SIGNATURE: ID:

END OF EXAMINATION.
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