Statement of Ethics: I agree to complete this exam without unauthorized assistance.

FULL NAME: SO'“J“ on SIGNATURE:

ID NUMBER: DDDDDDDD GROUP E.g. FSE1:
EXAM ROOM: HEEN

Midterm Exam

Linear Algeb

COURSE NAME: fear Algebra COURSE CODE: Math 201
EXAMINATION DURATION: 90 MINUTES

ADDITIONAL MATERIALS:

A simple scientific calculator is allowed. No other materials are allowed.

Please do not open the examination paper until directed to do so.

READ INSTRUCTIONS FIRST! VIOLATION OF THE RULES CAN LEAD TO A LOSS OF POINTS.
* Unless otherwise stated, you must justify all your answers.
* Your work must be neat and legible. Circle your final answer.

FOR INSTRUCTOR USE ONLY (DO NOT WRITE ANYTHING):

Section & Type of Questions Points Score Recommended time
Section 1: Basic Skills 40 < 20 mins
— 60
Section 2: Typical Problems < 70 mins
— Section 3: Challenge Problem 8 bonus Only excess time
Total 100 + (8 bonus) 90 MINUTES
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1 Basic Skills (40 points)

Problem 1.1 (10 points). A linear transformation T : R3 — R? satisfies

(1)) B2

2
Write a matrix A such that T(x) = Ax. Compute T ( [—l] )
1

S A NY(H| )
® &

Problem 1.2. Suppose that T : R* — R3 is defined by T(x) = Ax where

(a) (4 points). Find dim (kerT)
(b) (3 points). Find dim (ImT)

(c) (3 points). Find a nonzero vector in kerT.

Note Hor ronk (A) = 2. Thws

(00) diml ™ = -2 =4
(L) A(TwmT) = ronk(Ay = Z 1
() Simee ¥, =Ve, we have Kk = );i]é'AM,CT)

[
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Problem 1.3. Suppose that a system of linear equations has 4 variables. Suppose also that its coefficient matrix has
rank 3.

(a) (5 points). How many free variables must the system have?
(b) (5 points). If the system is consistent, how many solutions does it have?

Be sure to justify your answers.

(a) L&+ A be the coefficient mwtvix. Since Hhere oxe Y voviables, we have § cobamns.
We dont kmes how N

(Pw&s)-k (Pree Im.viodolai) = 4 => Jhae is ab least one
" ﬂFrgp_ minlale.
3
ables.

() TF the systown & concistaad, ib has infinteby mawy var
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Problem 1.4. Let A, B, C be n x n matrices. Suppose that ABC =1Ij,.

(a) (5 points). Prove that A and C are invertible.

(b) (5 points). Prove that B is invertible by finding a formula for Bl in terms of A and C.

(a) A is muedible shee  A(RC) =T Thot is, A™'=BC.

Qumilarly, £7'= AR. ‘ ,
We hove nied e fact Hat o right- lor left-) sicled Muerse =D ow vere In faite

Armarsidies -
(kY ARZ-T

RC = A
RB=A'c” = (epy!

= EF‘ =CA
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2 Typical Problems (60 points)

Problem 2.1. Consider the matrix

(a) (6 points). For what values of t is A invertible?

(b) (6 ponts). For those values of t for which A is not invertible, write a basis for ImA.

(&) (L) Close: t=1. Thuc ranllA) =2
1 &t 1 |
14 1 t R = f[:zi
L 1 1
Cose: ¢ =-Z2. thue rank(A) = 2.
\L R;{,"EI — RL ' ,_Z
R = {[z] [: ]g
1 4 1
o 1-t t-1
t 1 21
J ’Rs"‘?l —"?23
1 4 1
o 1-¢t t-1
-4 1-4
© . (14¢)(£-1)
1 R, (1+£R2— Ry _ -1+t
tt-1
o 1 -t-4+1
1 + 1 et iR
o 1-t t-1 . (1 -£)(EA7) = E AR -2t
o O (l-—t)(f-lz.) = “"62'”'15 472

=> A is inverhble hawevor t# 1
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Problem 2.2 (12 points). Find all 3 by 3 matrices A whose kernel contains the vectors vy = [0 | and vy = | 1.

1 0
R

Lek A:)Zl: az a‘
L

, — —_ - - p—
ITD -\—/)j :[0] 1S " ICM.«(A), ‘HM’AM As +4y =0 =7 asz—ai

- 0 B
Tfr Vz,=[;1] is in ke (A), Hue Oz =0

Laa‘,:[gl- Thawe A= 55:;
%
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Problem 2.3. Consider the subspace W = {v e R4 | v Lug, andv L uz} where
1 0
u; = _01, and u = % .
1 3
(a) (4 points). Find a basis B for W.
0
(b) (4 points). Show that v = _15 ew.
1
(c) (4 points). Write the B-vector of v.
(ay V= ‘z el => Vel = x-34w =0
% Vell, = .é),z&-rguo:o
w

1 0 -1 1 .
= W_Z‘AM/[A') where A:: o 1 2 3] (MQM‘HW\"’ Ais m I"I”&'P),

=> 3 A Lo ove 4P(~EP UN‘\'a'al{A.

SN T

L} :'ﬂ’s-gw

o g s i )1 ek

e 1+ 2s8df]

o - e BLEFR
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Problem 2.4. For each of the following sets, prove that W is a subspace and determine its dimension or show that
W is not a subspace. Justify your answers.

(@) (6 points). W={(x,y,2)€R?® | 2x—y =3z and x=y}
(b) (6 points). W = {(x, y, z) e R® | xy = 0}

_ :—él/l.—m) (,JAE.TQJ
( Ax-y-33 => Lx-y-3z=0 J W s
x=y  => x-y4=0 A:[ \

14 -1 ()
=D W is o subspae

1 -10 Ro-2fy = B [i -1 O —> rauklA) =%
I’{ -1 '31 - o *F _ m(w) =dum (k) =%-4=1

|
T v v = ! i ﬂﬁ'{'-
(LY Neole Hhat —l}: :[gl cmo* V, = 11;1 c M. Howeverr, Vit Ve [ol s

]

71"”-" W s ggj* a subspace S i+s
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Problem 2.5. Let B= {bj, by} where

(a) (4 points). Show that B is a basis for R2.
(b) (8 points). Let

oo

21
0 1)

Find a matrix B such that B[x]z = [Ax]g for all x € R?.

(<-4

(k) Y — Ax

Bostas- | 5o [ as

3 - Hq s
=)-Z 1 Z 3

o 1A
=6 -7
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[2 2]0]) = ebireb=?
5“:[2}_1
Chk - [1ALE T =L5F 2
%

- +2

~lo +3
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3 Challenge Problem (8 points)

Recall that the length of a vector v = [;] in R? is defined to be |v| = VX2 + y2. Find all linear transformations
T : R? - R? such that
* [T(V)|=|vl

+ and there exists u such that T(u) L u.
7 s D) oav Wete A=[TL]
Lok 7o [)] - Lek A sakely TE)=AV rite
Av :XQH% —> Javl' = (ax+bg)" + fextdy)®
=atxtrby" + Zabry 4 ctx*+dy" + Redxy
=(a*+¢?) x* 4 (L"Ml‘]l.&t,; z(,,\t”cd)n&
Avl = ol b ven -

(a% +¢*) x* 4 {5140‘?“]'-3‘4 Z(a\'n«l-cd)y\& = KLJ-Q"
. atiet = Lz 4ot =2 =D [21 ond [o‘?} have ,Zmﬂ,-l-u i-MMH-circle!

= .
s abred=o = [31-[E1-0 = [1 2 [41.
CosSO  ~-sSmb eos® sb
ar A=] smg -cosb j
=P A= [SWQT cos & = A= [,o o‘]:f-_?,i

t 21

New, asswme 3 &= [ ) suh Hat A LT

Qose 1 - A0SO asmerl X 1 X000 —ASmb
[Si\aé cos© i '} =

Xsinb +y e0s©
= [x*4u?) cos& =0OL> o36-=0
AR % = x“eose - Xy SME + Xy s +yeos® (x*+4

= 6 = ﬂg_, or 571'/2 => smbé = 1

fose L ["‘05‘9 smé li X 1 X0656 4 'éS'MG l
aWme -cosP 13 = i f%cos o
= b:"—y) cos® +Zxy sind =0

AL’T\) e = x"coae l')(\as'l\'\é «l—,(.ési\,\e --\af'wse

=> e, eowm ahveys slve fr &, no waeHor b X& ¢ are .
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END OF EXAMINATION.
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