MATH 201: LINEAR ALGEBRA
TUTORIAL AND SUGGESTED PROBLEMS FOR WEEK 10
SOLUTIONS

WEEK OF OCTOBER 27, 2025

1. BASIC SKILLS

You will be expected to know all the definitions mentioned in this section even
if they were not covered in lecture.

Problem 1.1. A linear space (or vector space) is a set endowed with an addition operation
(+) and a scalar multiplication operation (-) which satisfy the following 8 conditions. For all
fr9,heV and ¢,k e R,

1) (f+g) +h=f+(g+h)

(2) f+g=9g+f

(3) There exists a unique neutral element (additive identity) n € V such that f +n = f.
(4) For each f €V there exists a unique g € V' (the additive inverse) such that f + g = 0.
(5) k(f +9g) =kf +kg

(6) (c+k)f=cf +kf

(7) c(kf) = (ck)f

(8) 1f = .

Problem 1.2. Give an example of...

e an infinite-dimensional linear space
e a 3-dimensional linear space other than R3.

Solution.
e LetV={p:R->R|p(x)=ag+ax+aw®+... where a;€R}. Eachoftheabove
axioms is easily veriﬁed We know that V is infinite-dimensional because a basis for V'
is given by {1 x, 22, 23 } and has infinitely many elements.

e Let V = {2 x 2 upper- tr1angular matrices}. A basis for this space is
1 0] |0 1] |0 O
0 0f’[0 O]”]0 1

Problem 1.3. Write definitions for the following terms.

neutral element or additive identity
additive inverse

addition operation

scalar multiplication operation

basis for a linear space

subspace

dimension of a linear space/subspace

Solution.

e Neutral element / additive identity. An element 0 € V such that v +0=0+v =v
for every v € V. It is unique.
e Additive inverse. For each v € V, an element —v € V such that v + (—v) = 0. It is
unique for each v.
e Addition operation. A function + : (u,v) — u + v that satisfies:
— (A1) u + (v +w) = (u+v) + w (associativity)
(A2) u + v = v + u (commutativity)
— (A3) There exists an additive identity 0
(A4) Every v has an additive inverse —v

1
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e Scalar multiplication operation. A function - : (k,v) — kv, satisfying for all ¢,k € R
and u,v e V:

(S1) k(u +v) = ku+ kv

(S2) (¢ + k)v = cv + kv

(S3) (ck)v = c(kv)

(S4) 1v = v, where 1 is the multiplicative identity in F

e Basis. A subset B = {v1,...,v,} < V that is linearly independent and spans V.
Equivalently, every v € V can be written uniquely as v = " | ¢;v; with ¢; € R.

e Subspace. A subset W < V that is itself a linear space under the same operations.
Equivalently, 0 € W and W is closed under addition and scalar multiplication.

e Dimension. If V is finite-dimensional, dim V' is the number of vectors in any (and
hence every) basis of V. For a subspace W < V, dim W is defined similarly. (If no finite
basis exists, the dimension is infinite.)

Notation: Let {a:i};-x;l denote an infinite sequence of numbers. For example, the sequence
{0,2,4,6,...} of even numbers can be written {z;};-, where z; = 2i — 2.

Problem 1.4. Let V be the set of infinite sequences of real numbers. Define
{witie) +{witis) = {zi +witi,  and  E{w}2) = {kxi}2, .
Show that V is a linear space.
Solution. The additive identity in this case is n = {0,0,0,...}. The additive inverse of a

sequence {z;};~, is {—w;};- . Since addition and scalar multiplication is pointwise the same as
in R, all other axioms follow.

Notation: Let R™™ denote the linear space of n x m matrices where addition and scalar
multiplication are defined as usual.

Problem 1.5. Write a basis for R2*3.
Solution.

1 0 0l [0 1 0] (0 O 1] |O O Of |0 O O {0 O O

0 0 0[]0 O Of’]0 O O|’|1 O O]’(0 1 0]’|0 O 1
Problem 1.6. A function T : V — W between the linear spaces V and W is called a linear
transformation if. ..

e T'(f+g)=T(f)+T(g) forall f,geV
o T'(kf) =kT(f) for all feV and all ke R.

Problem 1.7. Write a nontrivial example of. ..

(a) a linear transformation 7': C* — C*. D : C* - C* [ f.
(b) a function T' : R™ — R that is not a linear transformation. Let n = m = 2. Define

F: [CCL Z} — [a —Z 1 Z] In this case, the additive identity is the 2 by 2 matrix with only

zero entries. Since F'(0) # 0, it is not a linear transformation.
(c) a linear transformation T : V — V where V is as in Problem 1.4. T': {;}7; — {2x;}2 ;.

Problem 1.8. List all solutions to the differential equation
f'(@) +2f'(x) + f(z) = 0.
Hint: Try solutions of the form e** and zef*. Then use Theorem 4.1.7 from Bretscher 4e.
Solution. Assume that f(x) = . Then we have
(@) +2f (x) + f(x) = Kk** 4 2ke® + M
= " (K* + 2k +1)
= M (k+1)?
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Then one solution is f(x) = e™*. On the other hand, note that f(x) = ze™ is also a solution:

fl@)+2f (@) + fx) = (-2 —(z—1)e % +e®
= e (z—2—x+1+1)
= 0.

Therefore, applying Theorem 4.1.7 which states that the set of solutions is a two-dimensional
linear space, we conclude that the general solution is

f(z) =ae ™ + bre™ ™ a,beR.

2. TYPICAL PROBLEMS
Notation: Throughout this section, P,, will denote the set of polynomials of degree at most n.

Problem 2.1. Which of the following subsets of P, are subspaces? Find a basis for those that
are.

(a
(b
(c

) {p(t) | the degree of p is 2} No! It does not contain p(x) = 0.

) {p(t) | p(0) = 2} Also no, because it does not contain p(z) = 0.

) {p(t) | p(2) = 0} Yes. The set contains the zero polynomial. Suppose that p(x) and ¢(zx)
satisfy p(2) = ¢(2) = 0. Then (p+¢)(2) = p(2)+¢(2) = 0+0 = 0 and clearly kp(2) = 0 so the
set is closed under addition and scalar multiplication. Here is a basis: B = {z — 2, z(x — 2)}.

(d) {p(t) | Sé p(t)dt = O}Yes! One can check that the map L: V — R by

is linear. Clearly V = ker L and is therefore a subspace. To find a basis, set p(x) = az?+bz+c

and compute

1
a b a b

We conclude that V' is 2 dimensional. One possible basis is
1 1
_ 2_ - ._ =
B = {x 3,x 2} .

(e) {p(t) | p(—t) = —p(t) Vt}. Yes. V contains the zero polynomial and is clearly closed under
addition and scalar multiplication. A basis is B = {1, 372}.

Problem 2.2. Let V be the linear space of all infinite sequences of real numbers {z;};2; (see

problem 1.4). Which of the following subsets of V' are subspaces? If possible, write a basis for

each subspace and determine its dimension.

(a) Arithmetic sequences: That is sequences of the form {a,a + k,a + 2k, ...} for some constants
a and k.

(b) Geometric sequences: That is, sequences of the form {a, ar,ar?,ar’, ... } for some constants
a and r.

(c) Square-summable sequences: That is, sequences {zg,z1, ...} such that Y.~ x? converges.

Solution.

(a) Yes. It is closed under linear combinations. A basis is
B={u={1,1,1,...},v=1{0,1,2,3,... }}
since
{a,a + k,a +2k,...} = au + kv.
This subspace is 2-dimensional.
(b) No. Note that {a, ar, arz} + {b, bs, bsz} = {a + b, ar + bs,ar? + br?, ... } is not a geometric
sequence.

(c¢) Yes, it is a subspace. However, it is not possible to construct a basis! The reason for this is
beyond the scope of this course. Hopefully it will inspire some curiosity in you.
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Problem 2.3. Suppose that B is an n x n matrix with rank ». What is the dimension (in terms
of n, ) of the space of all n x n matrices A such that BA = 07

Solution. Let B € R™*™ be fixed and consider the linear map

Lp:R™" — R™", Lp(A) = BA.
The set of all matrices A such that BA = 0 is precisely ker L. We want to calculate dim(ker Lp).
Write A = [a1 --- ap], where each a; € R" is a column vector. Then
BA =[Baj --- Bay].
Thus BA = 0 if and only if Ba; = 0 for each j = 1,...,n. That is, if and only if a; € ker B for

all j. Each of the n columns of A can be chosen independently from ker B, which is a subspace
of dimension n — rank(B). Therefore,

dim(ker Lg) = n - dim(ker B) = n(n — rank(B)) = n® — nr.

Problem 2.4. If a matrix A represents the reflection across a line L (which passes through the
origin) in R?, what is the dimension of the space of all matrices S such that

1 0
as-sft O]

Solution. Suppose that S satisfies the equation
1 0
AS =S [o _1] (1)

Let V denote the set of such matrices S. Write S = [u,v]. That is, let v and v denote the
column vectors of S. Then

a a Uy v a11ul + a12uy  a11v] + a12v
A — |1 @12 1 v _ fanwm 12U2  a11V1 1202 _ [Au, Av].
a1 a2 [u2 V2 a21u] + a2u2  a21v1 + a22vV2

S[(l) —01} = [Z; :z;] = [u,—0].

Thus since S satisfies equation (1),

On the other hand,

Au = u
Av = —o.
Since A is a reflection across the line L,
Au=u= u | L.

On the other hand,
Av=—-v= v L L.

Therefore,
V={S=[u,v] |ul LyvLlL}.
Choose nonzero vectors z || L and y L L. Then every S € V is of the form
S =alz,0] +b[0,y], a,beR.
Clearly the two matrices [z, 0] and [0, y] are linearly independent. We therefore conclude that
dimV = 2.

Problem 2.5. Find a basis of each of the following linear spaces and thus determine their
dimensions.

(a) {fe Py f(—2) = f(z)}
Basis: {1, x2 41 Dimension: 3
(b) {fePy| f( z) = —f(z)}
Basis: {x 23} Dimension: 2
() {felPu| f(— ) ()}
Basis: {1,22,2%,...,2%"2l} Dimension: 1+ [n/2]
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(d) {fe P, | f(—z) = —f(x)} , _—

Case 1: n = 2m. Basis: {x,z: ey } Dimension: m.
Case 2: n = 2m + 1. Basis: {x,m?’, e x2m+1} Dimension: m + 1.

Note: For z € R, |z| = max{n € Z (that is, n is an integer) | n < x }.

Problem 2.6. An invertible linear transformation T : V. — W is called an isomorphism.
Consider the following functions. Determine whether they are linear transformations. If yes,
determine if they are isomorphisms and calculate their image and kernel.

()
T:R”? — R
M +— det M.

Solution. Not linear. Note that T'(cI) = det(cl) = c?>det I = c® # c unless ¢ =0 or ¢ = 1.
(b) Let P» denote the set of degree 2 polynomials.

T : P2 — P2
pla) > P@)+
Solution. Not linear. Note that 7(0) = 22 # 0. Here “0” is the polynomial p(z) = 0.

()

T:C0% —(C®
f — I+
Solution. Linear. The kernel in this case is
f(z)=a+be ™.

See Problem 1.8 above for an explanation of a similar problem. The image consists of
solutions to the equation
ff"+1 =g
Such solutions exist for all g. Thus the image is C®.
(d) Let P denote the set of all polynomials.

T: P — P
p(z) prﬁ

Solution. Linear. The kernel consists of solutions to the equation

fx p(t)dt = 0.

0
By the fundamental theorem of calculus,

d [
el EOLE )
Therefore T'(p) =0 <= p(x) = 0. Thus ker 7" = {0}. On the other hand,
ImT ={ge P | q(0) =0}.
Thus T is injective but not surjective. Therefore T is not an isomorphism.
(e)
T:P — P
p(z)  —  p(-a).
Solution. Linear. Also, not that 7o T = id. That is, 77! = T. Therefore T is an
isomorphism. Thus ker 7 = {0} and ImT" = P.

Note: For the next problem, you may use the following theorem without proof. The proof is
worth studying!

Theorem. Let V and W be finite-dimensional linear spaces over R. Then dimV =dimW =n
if and only if there exists an isomorphism T : V — W.
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Proof. (=) Assume that V' and W have the same dimension. Choose a basis {vi,...,v,} of V
and a basis {wy,...,wp} of W. Define T : V. — W by

T(Z aivz) S ; a;W; (ai € R).

i=1
This is well-defined because each vector of V has a unique expression in the basis {v;}. Linearity
follows from the definition.
e Injectivity: if T3} a;v;) = 0, then > a;w; = 0. Since {w;} is a basis, all a; = 0, so the
only vector mapped to 0 is 0. Thus ker T' = {0}.
e Surjectivity: given w € W, write w = >, b;w;. Then v := > bv; € V satisfies T'(v) = w.
Hence imT = W.

Therefore T is linear and bijective, so it is an isomorphism.
(<) Assume there is an isomorphism 7" : V. — W, then kerT = {0} and im7 = W. By
rank—nullity,
dimV = dim(ker T") + dim(im T") = 0 4+ dim W,
so dimV =dim W.
Thus two finite-dimensional real linear spaces are isomorphic if and only if they have the same

dimension as desired. O

Problem 2.7. Define an isomorphism between P3 and R?*? or show that it is not possible.

Solution. Since dim P3 = 4 = dim R?*? (as discussed in lecture), an isomorphism exists by the
theorem above. Define

T : Py —> R?*2, T(CL[) + a1z + agz® + a3:1:3) = <a0 a1> )
az as

This map is linear, and its inverse is

T—l : RQXQ — ng T—l <a0 a‘l

_ 2 3
s as) =ap+ a1xr + axx” + asx”,
so T is bijective. Therefore T is a linear isomorphism between P3 and R?*2.
Problem 2.8. For which constants k is the linear transformation

ron- 3 -3 4

an isomorphism from R?*? to R?*2?

2 3 2 0
=63 =GR

and define T : R**2 — R?? by T(M) = AM — M B. For M = (i b>7

Solution. Let

d
2a 4+ 3¢ 2b+3d 2a kb
AM:( de 4d ) MB:(zc k:d)’

hence

T(M) =AM — MB = <3C (2—k)b+3d>

2¢ (4—k)d

Thus T'(M) = 0 implies ¢ = 0, and then (2 — k)b + 3d = 0 and (4 — k)d = 0. There is never
any condition on a. In particular, for every a € R,

M = <8 8) satisfies T'(M) =0,

so ker T' # {0} for all k. Therefore T is never injective and hence is never an isomorphism.
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(For completeness: if k ¢ {2,4} then ker T = {(a 0> }; if k = 2 then ker T' = { <a b> }; if

00 0 0
3
_ _ ) (o 3
k = 4 then ker T = {(0 d)})

Problem 2.9. For which real numbers c¢g, c1, ..., ¢, is the linear transformation
f(co)
7y - |7
flen)

an isomorphism between P, and R**1?

Solution. Let 7' : P, — R"*! be given by

f(en)

The map 7 is linear. Since dim P, = n 4+ 1 = dimR"*!, T is an isomorphism if and only if it is
injective (equivalently, surjective).

Case 1. ¢,...,c, are pairwise distinct: Suppose T'(f) = 0. Then f(¢;) =0 fori =0,...,n,
so f has at least n + 1 zeros. But f € P, has degree at most n. Hence f must be the zero
polynomial. Thus ker T' = {0}, so T is injective, hence an isomorphism.

Case 2. some ¢; = ¢j with i # j: Then for every f we have f(c;) = f(c;), so T(f) always
satisfies the constraint that its i-th and j-th coordinates are equal. Therefore the image of T is
contained in a proper subspace of R**! (that is, a subspace which has dimension smaller than
n + 1), and T is not surjective, hence not an isomorphism.

Conclusion. The transformation 7" is an isomorphism precisely when ¢, ..., ¢, are pairwise
distinct.

Problem 2.10. Let R™ be the set of positive real numbers. On R™ we define the operations
Ty =Y

and
kQx =k

(a) Show that R, equipped with these operations, is a linear space. Find a basis for this space.
(b) Show that T'(z) = In(z) is a linear transformation from R to R, where R is endowed with
the ordinary operations. Is T" an isomorphism?

Solution.
(a) Let Rt = {x € R | 2 > 0}. Define
@y = xy, kOz:=zF (keR, z>0),

where z¥ := #"% Then (R*,®,®) is a linear space:
e Additive axioms: For z,y,z > 0,

r@y=yPux, (@Y D2z=2@ (y® 2),

since multiplication of real numbers is commutative and associative. Furthermore, the
additive identity is 1 because x @ 1 = x and each x has an additive inverse 21 since
A x 1 =1.
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e Scalar multiplication axioms: For a,b € R and x,y > 0 observe,

10z = =«
(ab)Oz = 2% =(")'=a@ (o)
(a+b)Ox = 20 =2°
o (a@z)® (bO)
a® (z®Yy) (zy)* = 2%Y* = (aOz) ® (aOy)

0GOx = 20 =1
Thus all linear space axioms hold.
e Basis: Every x > 0 can be written uniquely as
z=e"% = (Inz) Oe,

so {e} is a basis. Hence dim(R*) = 1 with these operations. (Indeed, any a € RT\{1}
also forms a one-element basis.)
(b) Define T : R™ — R by T'(x) = Inz (with R using the ordinary + and scalar multiplication).
Then, for z,y > 0 and k € R, observe that

Tx®y) = In(zy) =Inz+Iny="T(x)+ T(y)
T(koz) = In(z¥) =klnz=kT(z),

so T is linear. It is bijective with inverse T~!(¢) = e’. Hence T is an isomorphism.

3. CoOMPLEX NUMBERS

In this section, we discuss an important linear space whose elements are referred to as complex
numbers. Over the course of the following ten exercises, you will learn what a complex number
is and some of its properties.

a

Problem 3.1. Let C = {[b

_ab] | a,be R}. Show that C is a subspace of R?*2.

. 00 . a —b c —d
Solution. Clearly 0 = <0 0) € C (take a = b = 0). Also, if X = <b u ) and Y = (d . )

X4y = <a+c —(b+d)> _ <a+c —(b+d)>ec

b+d a+c b+d a+c

are in C, then

For A e R,

Ao —A\b
AX = (Ab )\a) e C.

Hence C is a subspace of R?*2,

Problem 3.2. For a,b € R, write
a —b
{a,b) = [b a } :
Compute
o {a,b)+ {c,d)
e (a,b) - {(c,d).

Express your answers again in the form (-, ).

Solution. We have

a+c —(b+d)

{a,b) +{c,dy = {b+d P ]=<a+c, b+ d),

and

ac—bd —(ad+ be
<a,b>'<c,d>=[ad+bc gc_bd)]=<ac—bd, ad + be).

it
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Problem 3.3. Define the magnitude of {a,b) by

[{a,b)| = +/det ({a, b)).
(a) Show that |[{a,b)| = va? + b2.

(b) Show that [{a,b)-{c,d)| = [{a,b)| - [{c,d)|.

Solution.
(a) Since
det [Z _b} = a? + b7,
a
we have

|{a,b)| = Va? + b2

(b) Using det(XY) = det(X)det(Y) and that a® + b?> > 0 unless a = b = 0,
Ka,b - (e.d)| = y/det((a, bYe. d)) = y/det((a, b)) det(¢e, dy) = [Ca, b)| (e, ).

10 0 -1
U I (s}
Note that {I,J} is a basis for C.

(a) Compute J? in terms of 1.
(b) For ¢ € R?, what is the relationship between #' and Jo?

A ) 1 R P
ol ol [ ]

Thus Jv is U rotated 90° counterclockwise; in particular |Jo] = |9] and ¥ - (J¥) = 0.

Problem 3.4. Define

Solution.

(a)

(b) For & = B’] e R2,

Problem 3.5. Let 7 = v/a? + b?. Let 6 satisfy cos = ¢,sinf = % when r > 0. Show

<a,b>=r[

cosf —sinf
sinf cos@ |-

Solution. Let r = +/a? + b2. If r > 0, choose 6 with cosf = a/r and sin€ = b/r. Then
~fa —=b] _ fa/r —b/r]  [cos® —sind
<a,b>—[b a]_T[b/r ]—r ]

a/r | sinf  cos0

Problem 3.6. Let (a,by and {(¢,d) in C. Let r = |[{a,b)| and s = |[{¢,d)|. Using the previous
problem, let @ be the angle associated to {(a,b) and ¢ the angle associated to {c,d). Show that

(a) ‘<a7 b> ’ <Ca d>| =Ts
(b) The angle associated to {a,b) - {c,d) is 6 + .

Solution. Let (a,b),{c,d) € C. Set r = |{a,b)| and s = [{c,d)|. Using Problem 3.5, write
cosa —sina
= RO, =R, Rl - (G ).

Then
{a,by - {c,dy =rsR(O)R(p) = rs R(0 + ¢).
(a) Since det R(«) = 1,

Ka, by - {c,dy| = \/det(rs RO+ ¢)) =+/(rs)?>-1=rs.
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(b) The product has polar form rs R(6 + ¢); hence its angle is 6 + ¢.

Problem 3.7. Define the conjugate of {a,b) to be {(a,—b). Denote the conjugate of {a,b) by
{a,b).

(a) Show that {a,b)-{a,—b) = (a?® + b?) I.

(b) In the case where (a,b) # (0,0, find a formula for {a, b)Y~

Solution.
(a) We have

{a, by - {a, —b) = [Z _ab] [_ab Z] - {QngQ a2362] — (@ + )L,

(b) For {a,b) #0,0),

1 — 1 a b
-1 _
@b = eV = (—b a)'

Problem 3.8. Solve for {(z,y) in the equation
<37 1> ’ <CC, y> = <27 _5>

Solution.
1

vy = (1)@ =5) = s (3,102, —5) = = (1, -1,

_ 1 — 17
soxr = q5 and y = —5.

Problem 3.9. Let M = [i fﬂ be any real 2 by 2 matrix which satisfies

MJ=JM.
Prove that M € C.

Solution. Let M = E i] be real and suppose

MJ = JM, J:[O _1].

1 0
Compute
MJ = [y _“””], JM = [_Z _w]
wo —z x Yy
Equating entries gives y = —z and x = w. Hence
Ty x —(—y)}
M = = = (z,—y)e C.
-l e

Thus every real 2 x 2 matrix commuting with J lies in C. In fact, one can also show that the
converse is true. Therefore, we can define C to be the set of two by two matrices that commute

with J.

Problem 3.10. The subspace spanned by the element J in C is called the imaginary numbers.
The subspace spanned by the element I in C is called the real numbers. Since {I,J} form a basis
for C, any element z € C can be written in the form

z=ual +bJ.

Such an element is called a complex number. It is the convention to write it as z = a + bi. We
refer to a as the real part of z and b as the imaginary part of z. Show that

21+ 29 = (a1 + b1i) (ag + bei) = (a1ag — b1ba) + i (a1b2 + brag) .
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o R )
Every element of C can be written z = al 4+ bJ. For z; = a1l + b1J and zo = asl + boJ,
2129 = (a1l + byJ) (a2l + baJ) = arasl + arba IJ + byag JI + byby J*.
Since I.J = JI = J and J? =
2129 = (a1ag — b1b2)I + (a1bz + brasz)J.

Solution. Let

With the convention ¢ := J and z = a + bz, this is exactly
(a1 + bii)(az + bei) = (ayaz — b1ba) + i (a1be + biasg).
Equivalently, using matrices explicitly,
[al —bl] [ag —bz] _ {CHCLQ —biba  —(a1be +bla2)]
by ar [|b2 a2 aiby +braz  ajaz —biby

which matches the formula above.

4. CHALLENGE PROBLEMS

Problem 4.1. Prove Theorem 4.1.7 from Bretscher 4e. That is, prove that the set of solutions
to a differential equation of the form

(@) +af'(x) +bf(x) =

is a two-dimensional linear space.

Solution. Let a,b € R be fixed and consider the differential equation

(@) +af(z) +bf(z) =0
The set & of twice—differentiable solutions is a linear subspace: if f,g € & and «, 8 € R, then
(af +B9)" +alaf + Bg) + blaf + Bg) = a(f" + af’ +bf) + B(g" + ag’ + bg) = 0.
Let p(r) = 72 4+ ar + b. We show that & is two-dimensional by exhibiting two linearly
independent solutions that span &. There are three cases.
(i) Two distinct real roots r1 # ro. Then p(r) = (r —r1)(r — r2) and

file) =€ folz) = €7
satisfy the equation (direct substitution). If f is any solution, set g = (D —ro)f = f —raf.
Since (D —r1)g = (D —r1)(D —7r2)f = p(D)f = 0, we have ¢’ — rlg = 0, so g = C'e™*. Solving
f'—rof = Ce™® by an integrating factor yields f = Ae™* + —=— . Thus every solution is
a linear combination of f1, fo. They are independent because

dt[fl() (] dt[l 1}2}=r2—r1¢0.

)
f1(0)  f5(0)
(ii) Repeated real root r (so p(r) = p'(r) = 0). Then

fi(z) =€, fao(x) = we™

11— 7'2

both solve the equation; indeed
p(D) («’L’em) = (27’ + a)em + (r2 +ar + b);pem =0.

They are independent since
- aa]!l 0100

1

As in (i), the factorization p(D) = (D —r)? shows that every solution is a linear combination of

f1, fa.
(iii) Complex roots r = a+if with § # 0. Then e(®+)* and (=7 are (complex) solutions.
Taking real and imaginary parts gives real solutions

fi(z) = e** cos(Bzx), fa(z) = e sin(Bz),
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which are independent (check the same determinant at x =0: 1-5—0-a = § # 0). Every real
solution is a linear combination of fi, fo.
In all cases & = span{f1, f2}, so dim& = 2.

Problem 4.2.

(a) Show that there exists a bijection (that is, a one-to-one and onto map) from R” to R.
(b) Prove that it is possible to define “exotic” operations on R" such that dimR" = 1

Solution.

(a) We let (0,1)" be the set of n-tuples of numbers (a1, as, ..., a,) where a; € (0,1). First build
a bijection (0,1)" « (0,1) by the following construction.
(i) Write every number in (0,1) in binary using the expansion that does not end with an
infinite tail of 1’s (this makes the expansion unique).

(ii) If
T = 0.b1b2b3[)4 v (bj € {0, 1}),
define
d(x) = (acl, . ,xn), T = 0.0y bppin bnton -+ (L <m < n).
Then @ : (0,1) — (0,1)" is bijective, with inverse obtained by interleaving the binary
digits of x1,...,xy.

(iii) Now use the bijection h : R — (0,1) given by
1 1
h(t) = — arctan(t) + 2’ Rt (u) = tan(m(u — 1)).
T
A bijection F': R™ — R is obtained by composition:
F= h_lo(I)_lo(hx xh).

Since each factor is bijective, so is F'.
(b) Let F': R™ — R be any bijection (for instance the one above). Define operations on the set
R™ by
u@®v:=F ' (F(u) + F(v)), AOu:=F 1 AF(u)).
Because F'is a bijection, these operations satisfy all vector—space axioms, and F' : (R, ®,®) —
(R,+,-) is a linear isomorphism. Hence dim(R",®,®) = 1; a basis is the single vector
F=1(1).
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