
MATH 201: LINEAR ALGEBRA

TUTORIAL AND SUGGESTED PROBLEMS FOR WEEK 10

SOLUTIONS

WEEK OF OCTOBER 27, 2025

1. Basic Skills

You will be expected to know all the definitions mentioned in this section even
if they were not covered in lecture.

Problem 1.1. A linear space (or vector space) is a set endowed with an addition operation
(+) and a scalar multiplication operation (¨) which satisfy the following 8 conditions. For all
f, g, h P V and c, k P R,

(1) pf ` gq ` h “ f ` pg ` hq

(2) f ` g “ g ` f
(3) There exists a unique neutral element (additive identity) n P V such that f ` n “ f .
(4) For each f P V there exists a unique g P V (the additive inverse) such that f ` g “ 0.
(5) kpf ` gq “ kf ` kg
(6) pc ` kqf “ cf ` kf
(7) cpkfq “ pckqf
(8) 1f “ f .

Problem 1.2. Give an example of. . .

‚ an infinite-dimensional linear space
‚ a 3-dimensional linear space other than R3.

Solution.

‚ Let V “
␣

p : R Ñ R | ppxq “ a0 ` a1x ` a2x
2 ` . . . where ai P R

(

. Each of the above
axioms is easily verified. We know that V is infinite-dimensional because a basis for V
is given by

␣

1, x, x2, x3, . . .
(

and has infinitely many elements.
‚ Let V “ t2 ˆ 2 upper-triangular matricesu. A basis for this space is

"„

1 0
0 0

ȷ

,

„

0 1
0 0

ȷ

,

„

0 0
0 1

ȷ*

Problem 1.3. Write definitions for the following terms.

‚ neutral element or additive identity
‚ additive inverse
‚ addition operation
‚ scalar multiplication operation
‚ basis for a linear space
‚ subspace
‚ dimension of a linear space/subspace

Solution.

‚ Neutral element / additive identity. An element 0 P V such that v ` 0 “ 0` v “ v
for every v P V . It is unique.

‚ Additive inverse. For each v P V , an element ´v P V such that v ` p´vq “ 0. It is
unique for each v.

‚ Addition operation. A function ` : pu, vq ÞÑ u ` v that satisfies:
– (A1) u ` pv ` wq “ pu ` vq ` w (associativity)
– (A2) u ` v “ v ` u (commutativity)
– (A3) There exists an additive identity 0
– (A4) Every v has an additive inverse ´v

1
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‚ Scalar multiplication operation. A function ¨ : pk, vq ÞÑ kv, satisfying for all c, k P R
and u, v P V :

– (S1) kpu ` vq “ ku ` kv
– (S2) pc ` kqv “ cv ` kv
– (S3) pckqv “ cpkvq

– (S4) 1v “ v, where 1 is the multiplicative identity in F
‚ Basis. A subset B “ tv1, . . . , vnu Ă V that is linearly independent and spans V .
Equivalently, every v P V can be written uniquely as v “

řn
i“1 civi with ci P R.

‚ Subspace. A subset W Ď V that is itself a linear space under the same operations.
Equivalently, 0 P W and W is closed under addition and scalar multiplication.

‚ Dimension. If V is finite-dimensional, dimV is the number of vectors in any (and
hence every) basis of V . For a subspace W Ď V , dimW is defined similarly. (If no finite
basis exists, the dimension is infinite.)

Notation: Let txiu
8
i“1 denote an infinite sequence of numbers. For example, the sequence

t0, 2, 4, 6, . . . u of even numbers can be written txiu
8
i“1 where xi “ 2i ´ 2.

Problem 1.4. Let V be the set of infinite sequences of real numbers. Define

txiu
8
i“1 ` tyiu

8
i“1 “ txi ` yiu

8
i“1 and k txiu

8
i“1 “ tkxiu

8
i“1 .

Show that V is a linear space.

Solution. The additive identity in this case is n “ t0, 0, 0, . . . u. The additive inverse of a
sequence txiu

8
i“1 is t´xiu

8
i“1. Since addition and scalar multiplication is pointwise the same as

in R, all other axioms follow.

Notation: Let Rnˆm denote the linear space of n ˆ m matrices where addition and scalar
multiplication are defined as usual.

Problem 1.5. Write a basis for R2ˆ3.

Solution.
"„

1 0 0
0 0 0

ȷ

,

„

0 1 0
0 0 0

ȷ

,

„

0 0 1
0 0 0

ȷ

,

„

0 0 0
1 0 0

ȷ

,

„

0 0 0
0 1 0

ȷ

,

„

0 0 0
0 0 1

ȷ*

Problem 1.6. A function T : V Ñ W between the linear spaces V and W is called a linear
transformation if. . .

‚ T pf ` gq “ T pfq ` T pgq for all f, g P V
‚ T pkfq “ kT pfq for all f P V and all k P R.

Problem 1.7. Write a nontrivial example of. . .

(a) a linear transformation T : C8 Ñ C8. D : C8 Ñ C8 f ÞÑ f 1.
(b) a function T : Rn Ñ Rm that is not a linear transformation. Let n “ m “ 2. Define

F :

„

a b
c d

ȷ

ÞÑ

„

a ` 1 b
c d

ȷ

. In this case, the additive identity is the 2 by 2 matrix with only

zero entries. Since F p0q ‰ 0, it is not a linear transformation.
(c) a linear transformation T : V Ñ V where V is as in Problem 1.4. T : txiu

8
i“1 ÞÑ t2xiu

8
i“1.

Problem 1.8. List all solutions to the differential equation

f2pxq ` 2f 1pxq ` fpxq “ 0.

Hint: Try solutions of the form ekx and xekx. Then use Theorem 4.1.7 from Bretscher 4e.

Solution. Assume that fpxq “ ekx. Then we have

f2pxq ` 2f 1pxq ` fpxq “ k2ekx ` 2kex ` ekx

“ ekx
`

k2 ` 2k ` 1
˘

“ ekx pk ` 1q
2

“ 0.
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Then one solution is fpxq “ e´x. On the other hand, note that fpxq “ xe´x is also a solution:

f2pxq ` 2f 1pxq ` fpxq “ px ´ 2qe´x ´ px ´ 1qe´x ` e´x

“ e´x px ´ 2 ´ x ` 1 ` 1q

“ 0.

Therefore, applying Theorem 4.1.7 which states that the set of solutions is a two-dimensional
linear space, we conclude that the general solution is

fpxq “ ae´x ` bxe´x a, b P R.

2. Typical Problems

Notation: Throughout this section, Pn will denote the set of polynomials of degree at most n.

Problem 2.1. Which of the following subsets of P2 are subspaces? Find a basis for those that
are.

(a) tpptq | the degree of p is 2u No! It does not contain ppxq “ 0.
(b) tpptq | pp0q “ 2u Also no, because it does not contain ppxq “ 0.
(c) tpptq | pp2q “ 0u Yes. The set contains the zero polynomial. Suppose that ppxq and qpxq

satisfy pp2q “ qp2q “ 0. Then pp`qqp2q “ pp2q`qp2q “ 0`0 “ 0 and clearly kpp2q “ 0 so the
set is closed under addition and scalar multiplication. Here is a basis: B “ tx ´ 2, xpx ´ 2qu.

(d)
!

pptq |
ş1
0 pptqdt “ 0

)

Yes! One can check that the map L : V Ñ R by

Lppq “

ż 1

0
pptqdt.

is linear. Clearly V “ kerL and is therefore a subspace. To find a basis, set ppxq “ ax2`bx`c
and compute

ż 1

0
pptqdt “

a

3
`

b

2
` c “ 0 ðñ c “ ´

a

3
´

b

2
.

We conclude that V is 2 dimensional. One possible basis is

B “

"

x2 ´
1

3
, x ´

1

2

*

.

(e) tpptq | pp´tq “ ´pptq @ tu. Yes. V contains the zero polynomial and is clearly closed under
addition and scalar multiplication. A basis is B “

␣

1, x2
(

.

Problem 2.2. Let V be the linear space of all infinite sequences of real numbers txiu
8
i“1 (see

problem 1.4). Which of the following subsets of V are subspaces? If possible, write a basis for
each subspace and determine its dimension.

(a) Arithmetic sequences: That is sequences of the form ta, a ` k, a ` 2k, . . . u for some constants
a and k.

(b) Geometric sequences: That is, sequences of the form
␣

a, ar, ar2, ar3, . . .
(

for some constants
a and r.

(c) Square-summable sequences: That is, sequences tx0, x1, . . . u such that
ř8

i“0 x
2
i converges.

Solution.

(a) Yes. It is closed under linear combinations. A basis is

B “ tu “ t1, 1, 1, . . . u , v “ t0, 1, 2, 3, . . . uu

since
ta, a ` k, a ` 2k, . . . u “ au ` kv.

This subspace is 2-dimensional.
(b) No. Note that

␣

a, ar, ar2
(

`
␣

b, bs, bs2
(

“
␣

a ` b, ar ` bs, ar2 ` br2, . . .
(

is not a geometric
sequence.

(c) Yes, it is a subspace. However, it is not possible to construct a basis! The reason for this is
beyond the scope of this course. Hopefully it will inspire some curiosity in you.
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Problem 2.3. Suppose that B is an nˆn matrix with rank r. What is the dimension (in terms
of n, r) of the space of all n ˆ n matrices A such that BA “ 0?

Solution. Let B P Rnˆn be fixed and consider the linear map

LB : Rnˆn ÝÑ Rnˆn, LBpAq “ BA.

The set of all matrices A such that BA “ 0 is precisely kerLB. We want to calculate dimpkerLBq.
Write A “ ra1 ¨ ¨ ¨ ans, where each aj P Rn is a column vector. Then

BA “ rBa1 ¨ ¨ ¨ Bans.

Thus BA “ 0 if and only if Baj “ 0 for each j “ 1, . . . , n. That is, if and only if aj P kerB for
all j. Each of the n columns of A can be chosen independently from kerB, which is a subspace
of dimension n ´ rankpBq. Therefore,

dimpkerLBq “ n ¨ dimpkerBq “ n
`

n ´ rankpBq
˘

“ n2 ´ nr.

Problem 2.4. If a matrix A represents the reflection across a line L (which passes through the
origin) in R2, what is the dimension of the space of all matrices S such that

AS “ S

„

1 0
0 ´1

ȷ

?

Solution. Suppose that S satisfies the equation

AS “ S

„

1 0
0 ´1

ȷ

(1)

Let V denote the set of such matrices S. Write S “ ru, vs. That is, let u and v denote the
column vectors of S. Then

AS “

„

a11 a12
a21 a22

ȷ „

u1 v1
u2 v2

ȷ

“

„

a11u1 ` a12u2 a11v1 ` a12v2
a21u1 ` a22u2 a21v1 ` a22v2

ȷ

“ rAu,Avs .

On the other hand,

S

„

1 0
0 ´1

ȷ

“

„

u1 ´v1
u2 ´v2

ȷ

“ ru,´vs .

Thus since S satisfies equation (1),

Au “ u

Av “ ´v.

Since A is a reflection across the line L,

Au “ u ñ u ∥ L.

On the other hand,
Av “ ´v ñ v K L.

Therefore,
V “ tS “ ru, vs | u ∥ L, v K Lu .

Choose nonzero vectors x ∥ L and y K L. Then every S P V is of the form

S “ a rx, 0s ` b r0, ys , a, b P R.
Clearly the two matrices rx, 0s and r0, ys are linearly independent. We therefore conclude that

dimV “ 2.

Problem 2.5. Find a basis of each of the following linear spaces and thus determine their
dimensions.

(a) tf P P4 | fp´xq “ fpxqu

Basis:
␣

1, x2, x4
(

Dimension: 3
(b) tf P P4 | fp´xq “ ´fpxqu

Basis:
␣

x, x3
(

Dimension: 2
(c) tf P Pn | fp´xq “ fpxqu

Basis:
␣

1, x2, x4, . . . , x2tn{2u
(

Dimension: 1 ` tn{2u
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(d) tf P Pn | fp´xq “ ´fpxqu

Case 1: n “ 2m. Basis:
␣

x, x3, . . . , x2m´1
(

Dimension: m.

Case 2: n “ 2m ` 1. Basis:
␣

x, x3, . . . , x2m`1
(

Dimension: m ` 1.

Note: For x P R, txu “ maxtn P Z (that is, n is an integer) | n ď x u.

Problem 2.6. An invertible linear transformation T : V Ñ W is called an isomorphism.
Consider the following functions. Determine whether they are linear transformations. If yes,
determine if they are isomorphisms and calculate their image and kernel.

(a)

T : R2ˆ2 Ñ R
M ÞÑ detM.

Solution. Not linear. Note that T pcIq “ detpcIq “ c2 det I “ c2 ‰ c unless c “ 0 or c “ 1.
(b) Let P2 denote the set of degree 2 polynomials.

T : P2 Ñ P2

ppxq ÞÑ p1pxq ` x2.

Solution. Not linear. Note that T p0q “ x2 ‰ 0. Here “0” is the polynomial ppxq “ 0.
(c)

T : C8 Ñ C8

f ÞÑ f 1 ` f2.

Solution. Linear. The kernel in this case is

fpxq “ a ` be´x.

See Problem 1.8 above for an explanation of a similar problem. The image consists of
solutions to the equation

f2 ` f 1 “ g.

Such solutions exist for all g. Thus the image is C8.
(d) Let P denote the set of all polynomials.

T : P Ñ P

ppxq ÞÑ

ż x

0
pptqdt

Solution. Linear. The kernel consists of solutions to the equation
ż x

0
pptqdt “ 0.

By the fundamental theorem of calculus,

d

dx

ż x

0
pptqdt “ ppxq.

Therefore T ppq “ 0 ðñ ppxq “ 0. Thus kerT “ t0u. On the other hand,

ImT “ tq P P | qp0q “ 0u .

Thus T is injective but not surjective. Therefore T is not an isomorphism.
(e)

T : P2 Ñ P2

ppxq ÞÑ pp´xq.

Solution. Linear. Also, not that T ˝ T “ id. That is, T´1 “ T . Therefore T is an
isomorphism. Thus kerT “ t0u and ImT “ P2.

Note: For the next problem, you may use the following theorem without proof. The proof is
worth studying!

Theorem. Let V and W be finite-dimensional linear spaces over R. Then dimV “ dimW “ n
if and only if there exists an isomorphism T : V Ñ W .



6 WEEK OF OCTOBER 27, 2025

Proof. pñq Assume that V and W have the same dimension. Choose a basis tv1, . . . , vnu of V
and a basis tw1, . . . , wnu of W . Define T : V Ñ W by

T

˜

n
ÿ

i“1

aivi

¸

“

n
ÿ

i“1

aiwi pai P Rq.

This is well-defined because each vector of V has a unique expression in the basis tviu. Linearity
follows from the definition.

‚ Injectivity: if T p
ř

aiviq “ 0, then
ř

aiwi “ 0. Since twiu is a basis, all ai “ 0, so the
only vector mapped to 0 is 0. Thus kerT “ t0u.

‚ Surjectivity: given w P W , write w “
ř

biwi. Then v :“
ř

bivi P V satisfies T pvq “ w.
Hence imT “ W .

Therefore T is linear and bijective, so it is an isomorphism.
pðq Assume there is an isomorphism T : V Ñ W , then kerT “ t0u and imT “ W . By
rank–nullity,

dimV “ dimpkerT q ` dimpimT q “ 0 ` dimW,

so dimV “ dimW .

Thus two finite-dimensional real linear spaces are isomorphic if and only if they have the same
dimension as desired. □

Problem 2.7. Define an isomorphism between P3 and R2ˆ2 or show that it is not possible.

Solution. Since dimP3 “ 4 “ dimR2ˆ2 (as discussed in lecture), an isomorphism exists by the
theorem above. Define

T : P3 ÝÑ R2ˆ2, T
`

a0 ` a1x ` a2x
2 ` a3x

3
˘

“

ˆ

a0 a1
a2 a3

˙

.

This map is linear, and its inverse is

T´1 : R2ˆ2 Ñ P3, T´1

ˆ

a0 a1
a2 a3

˙

“ a0 ` a1x ` a2x
2 ` a3x

3,

so T is bijective. Therefore T is a linear isomorphism between P3 and R2ˆ2.

Problem 2.8. For which constants k is the linear transformation

T pMq “

„

2 3
0 4

ȷ

M ´ M

„

2 0
0 k

ȷ

an isomorphism from R2ˆ2 to R2ˆ2?

Solution. Let

A “

ˆ

2 3
0 4

˙

, B “

ˆ

2 0
0 k

˙

,

and define T : R2ˆ2 Ñ R2ˆ2 by T pMq “ AM ´ MB. For M “

ˆ

a b
c d

˙

,

AM “

ˆ

2a ` 3c 2b ` 3d
4c 4d

˙

, MB “

ˆ

2a kb
2c kd

˙

,

hence

T pMq “ AM ´ MB “

ˆ

3c p2 ´ kqb ` 3d
2c p4 ´ kqd

˙

.

Thus T pMq “ 0 implies c “ 0, and then p2 ´ kqb ` 3d “ 0 and p4 ´ kqd “ 0. There is never
any condition on a. In particular, for every a P R,

M “

ˆ

a 0
0 0

˙

satisfies T pMq “ 0,

so kerT ‰ t0u for all k. Therefore T is never injective and hence is never an isomorphism.
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(For completeness: if k R t2, 4u then kerT “

"ˆ

a 0
0 0

˙*

; if k “ 2 then kerT “

"ˆ

a b
0 0

˙*

; if

k “ 4 then kerT “

"ˆ

a 3
2d

0 d

˙*

.)

Problem 2.9. For which real numbers c0, c1, . . . , cn is the linear transformation

T pfptqq “

»

—

—

—

–

fpc0q

fpc1q
...

fpcnq

fi

ffi

ffi

ffi

fl

an isomorphism between Pn and Rn`1?

Solution. Let T : Pn Ñ Rn`1 be given by

T pfq “

»

—

—

—

–

fpc0q

fpc1q
...

fpcnq

fi

ffi

ffi

ffi

fl

.

The map T is linear. Since dimPn “ n ` 1 “ dimRn`1, T is an isomorphism if and only if it is
injective (equivalently, surjective).

Case 1. c0, . . . , cn are pairwise distinct: Suppose T pfq “ 0. Then fpciq “ 0 for i “ 0, . . . , n,
so f has at least n ` 1 zeros. But f P Pn has degree at most n. Hence f must be the zero
polynomial. Thus kerT “ t0u, so T is injective, hence an isomorphism.

Case 2. some ci “ cj with i ‰ j: Then for every f we have fpciq “ fpcjq, so T pfq always
satisfies the constraint that its i-th and j-th coordinates are equal. Therefore the image of T is
contained in a proper subspace of Rn`1 (that is, a subspace which has dimension smaller than
n ` 1), and T is not surjective, hence not an isomorphism.

Conclusion. The transformation T is an isomorphism precisely when c0, . . . , cn are pairwise
distinct.

Problem 2.10. Let R` be the set of positive real numbers. On R` we define the operations

x ‘ y “ xy

and

k d x “ xk.

(a) Show that R`, equipped with these operations, is a linear space. Find a basis for this space.
(b) Show that T pxq “ lnpxq is a linear transformation from R` to R, where R is endowed with

the ordinary operations. Is T an isomorphism?

Solution.

(a) Let R` “ tx P R | x ą 0u. Define

x ‘ y :“ xy, k d x :“ x k pk P R, x ą 0q,

where x k :“ ek lnx. Then pR`,‘,dq is a linear space:
‚ Additive axioms: For x, y, z ą 0,

x ‘ y “ y ‘ x, px ‘ yq ‘ z “ x ‘ py ‘ zq,

since multiplication of real numbers is commutative and associative. Furthermore, the
additive identity is 1 because x ‘ 1 “ x and each x has an additive inverse x´1 since
x ‘ x´1 “ 1.
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‚ Scalar multiplication axioms: For a, b P R and x, y ą 0 observe,

1 d x “ x

pabq d x “ xab “ pxbqa “ a d pb d xq

pa ` bq d x “ xa`b “ xa

xb “ pa d xq ‘ pb d xq

a d px ‘ yq “ pxyqa “ xaya “ pa d xq ‘ pa d yq

0 d x “ x0 “ 1

Thus all linear space axioms hold.
‚ Basis: Every x ą 0 can be written uniquely as

x “ elnx “ plnxq d e,

so teu is a basis. Hence dimpR`q “ 1 with these operations. (Indeed, any a P R`zt1u

also forms a one–element basis.)
(b) Define T : R` Ñ R by T pxq “ lnx (with R using the ordinary ` and scalar multiplication).

Then, for x, y ą 0 and k P R, observe that

T px ‘ yq “ lnpxyq “ lnx ` ln y “ T pxq ` T pyq

T pk d xq “ lnpx kq “ k lnx “ k T pxq,

so T is linear. It is bijective with inverse T´1ptq “ et. Hence T is an isomorphism.

3. Complex Numbers

In this section, we discuss an important linear space whose elements are referred to as complex
numbers. Over the course of the following ten exercises, you will learn what a complex number
is and some of its properties.

Problem 3.1. Let C “

"„

a ´b
b a

ȷ

| a, b P R
*

. Show that C is a subspace of R2ˆ2.

Solution. Clearly 0 “

ˆ

0 0
0 0

˙

P C (take a “ b “ 0). Also, if X “

ˆ

a ´b
b a

˙

and Y “

ˆ

c ´d
d c

˙

are in C, then

X ` Y “

ˆ

a ` c ´pb ` dq

b ` d a ` c

˙

“

ˆ

a ` c ´pb ` dq

b ` d a ` c

˙

P C.

For λ P R,

λX “

ˆ

λa ´λb
λb λa

˙

P C.

Hence C is a subspace of R2ˆ2.

Problem 3.2. For a, b P R, write

xa, by “

„

a ´b
b a

ȷ

.

Compute

‚ xa, by ` xc, dy

‚ xa, by ¨ xc, dy.

Express your answers again in the form x¨, ¨y.

Solution. We have

xa, by ` xc, dy “

„

a ` c ´pb ` dq

b ` d a ` c

ȷ

“ xa ` c, b ` dy,

and

xa, by ¨ xc, dy “

„

ac ´ bd ´pad ` bcq
ad ` bc ac ´ bd

ȷ

“ xac ´ bd, ad ` bcy.

¡++¿
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Problem 3.3. Define the magnitude of xa, by by

|xa, by| “
a

det pxa, byq.

(a) Show that |xa, by| “
?
a2 ` b2.

(b) Show that |xa, by ¨ xc, dy| “ |xa, by| ¨ |xc, dy|.

Solution.

(a) Since

det

„

a ´b
b a

ȷ

“ a2 ` b2,

we have
ˇ

ˇxa, by
ˇ

ˇ “
a

a2 ` b2.

(b) Using detpXY q “ detpXq detpY q and that a2 ` b2 ą 0 unless a “ b “ 0,
ˇ

ˇxa, by ¨ xc, dy
ˇ

ˇ “

b

det
`

xa, byxc, dy
˘

“

b

det
`

xa, by
˘

det
`

xc, dy
˘

“
ˇ

ˇxa, by
ˇ

ˇ

ˇ

ˇxc, dy
ˇ

ˇ.

Problem 3.4. Define

I “

„

1 0
0 1

ȷ

J “

„

0 ´1
1 0

ȷ

.

Note that tI, Ju is a basis for C.
(a) Compute J2 in terms of I.
(b) For v⃗ P R2, what is the relationship between v⃗ and Jv⃗?

Solution.

(a)

J2 “

„

0 ´1
1 0

ȷ „

0 ´1
1 0

ȷ

“

„

´1 0
0 ´1

ȷ

“ ´I.

(b) For v⃗ “

„

x
y

ȷ

P R2,

Jv⃗ “

„

0 ´1
1 0

ȷ „

x
y

ȷ

“

„

´y
x

ȷ

.

Thus Jv⃗ is v⃗ rotated 90˝ counterclockwise; in particular |Jv⃗| “ |v⃗| and v⃗ ¨ pJv⃗q “ 0.

Problem 3.5. Let r “
?
a2 ` b2. Let θ satisfy cos θ “ a

r , sin θ “ b
r when r ą 0. Show

xa, by “ r

„

cos θ ´ sin θ
sin θ cos θ

ȷ

.

Solution. Let r “
?
a2 ` b2. If r ą 0, choose θ with cos θ “ a{r and sin θ “ b{r. Then

xa, by “

„

a ´b
b a

ȷ

“ r

„

a{r ´ b{r
b{r a{r

ȷ

“ r

„

cos θ ´ sin θ
sin θ cos θ

ȷ

.

Problem 3.6. Let xa, by and xc, dy in C. Let r “ |xa, by| and s “ |xc, dy|. Using the previous
problem, let θ be the angle associated to xa, by and φ the angle associated to xc, dy. Show that

(a) |xa, by ¨ xc, dy| “ rs
(b) The angle associated to xa, by ¨ xc, dy is θ ` φ.

Solution. Let xa, by, xc, dy P C. Set r “
ˇ

ˇxa, by
ˇ

ˇ and s “
ˇ

ˇxc, dy
ˇ

ˇ. Using Problem 3.5, write

xa, by “ rRpθq, xc, dy “ sRpφq, Rpαq “

ˆ

cosα ´ sinα
sinα cosα

˙

.

Then
xa, by ¨ xc, dy “ rsRpθqRpφq “ rsRpθ ` φq.

(a) Since detRpαq “ 1,
ˇ

ˇxa, by ¨ xc, dy
ˇ

ˇ “

b

det
`

rsRpθ ` φq
˘

“
a

prsq2 ¨ 1 “ rs.
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(b) The product has polar form rsRpθ ` φq; hence its angle is θ ` φ.

Problem 3.7. Define the conjugate of xa, by to be xa,´by. Denote the conjugate of xa, by by

xa, by.

(a) Show that xa, by ¨ xa,´by “
`

a2 ` b2
˘

I.

(b) In the case where xa, by ‰ x0, 0y, find a formula for xa, by´1.

Solution.

(a) We have

xa, by ¨ xa,´by “

„

a ´b
b a

ȷ „

a b
´b a

ȷ

“

„

a2 ` b2 0
0 a2 ` b2

ȷ

“ pa2 ` b2qI.

(b) For xa, by ‰ x0, 0y,

xa, by´1 “
1

a2 ` b2
xa, by “

1

a2 ` b2

ˆ

a b
´b a

˙

.

Problem 3.8. Solve for xx, yy in the equation

x3, 1y ¨ xx, yy “ x2,´5y.

Solution.

xx, yy “ x3, 1y´1x2,´5y “
1

32 ` 12
x3,´1y x2,´5y “

1

10
x1,´17y,

so x “ 1
10 and y “ ´17

10 .

Problem 3.9. Let M “

„

x y
z w

ȷ

be any real 2 by 2 matrix which satisfies

MJ “ JM.

Prove that M P C.

Solution. Let M “

„

x y
z w

ȷ

be real and suppose

MJ “ JM, J “

„

0 ´1
1 0

ȷ

.

Compute

MJ “

„

y ´x
w ´z

ȷ

, JM “

„

´z ´w
x y

ȷ

.

Equating entries gives y “ ´z and x “ w. Hence

M “

„

x y
´y x

ȷ

“

„

x ´p´yq

p´yq x

ȷ

“ xx,´yy P C.

Thus every real 2 ˆ 2 matrix commuting with J lies in C. In fact, one can also show that the
converse is true. Therefore, we can define C to be the set of two by two matrices that commute
with J .

Problem 3.10. The subspace spanned by the element J in C is called the imaginary numbers.
The subspace spanned by the element I in C is called the real numbers. Since tI, Ju form a basis
for C, any element z P C can be written in the form

z “ aI ` bJ.

Such an element is called a complex number. It is the convention to write it as z “ a ` bi. We
refer to a as the real part of z and b as the imaginary part of z. Show that

z1 ¨ z2 “ pa1 ` b1iq pa2 ` b2iq “ pa1a2 ´ b1b2q ` i pa1b2 ` b1a2q .



MATH 201: LINEAR ALGEBRA TUTORIAL AND SUGGESTED PROBLEMS FOR WEEK 10 SOLUTIONS11

Solution. Let

I “

„

1 0
0 1

ȷ

, J “

„

0 ´1
1 0

ȷ

.

Every element of C can be written z “ aI ` bJ . For z1 “ a1I ` b1J and z2 “ a2I ` b2J ,

z1z2 “ pa1I ` b1Jqpa2I ` b2Jq “ a1a2I ` a1b2 IJ ` b1a2 JI ` b1b2 J
2.

Since IJ “ JI “ J and J2 “ ´I,

z1z2 “ pa1a2 ´ b1b2qI ` pa1b2 ` b1a2qJ.

With the convention i :“ J and z “ a ` bi, this is exactly

pa1 ` b1iqpa2 ` b2iq “ pa1a2 ´ b1b2q ` i pa1b2 ` b1a2q.

Equivalently, using matrices explicitly,
„

a1 ´b1
b1 a1

ȷ „

a2 ´b2
b2 a2

ȷ

“

„

a1a2 ´ b1b2 ´pa1b2 ` b1a2q

a1b2 ` b1a2 a1a2 ´ b1b2

ȷ

,

which matches the formula above.

4. Challenge Problems

Problem 4.1. Prove Theorem 4.1.7 from Bretscher 4e. That is, prove that the set of solutions
to a differential equation of the form

f2pxq ` af 1pxq ` bfpxq “ 0

is a two-dimensional linear space.

Solution. Let a, b P R be fixed and consider the differential equation

f2pxq ` a f 1pxq ` b fpxq “ 0.

The set S of twice–differentiable solutions is a linear subspace: if f, g P S and α, β P R, then
pαf ` βgq2 ` apαf ` βgq1 ` bpαf ` βgq “ αpf2 ` af 1 ` bfq ` βpg2 ` ag1 ` bgq “ 0.

Let pprq “ r2 ` ar ` b. We show that S is two–dimensional by exhibiting two linearly
independent solutions that span S. There are three cases.

(i) Two distinct real roots r1 ‰ r2. Then pprq “ pr ´ r1qpr ´ r2q and

f1pxq “ er1x, f2pxq “ er2x

satisfy the equation (direct substitution). If f is any solution, set g “ pD ´ r2qf “ f 1 ´ r2f .
Since pD ´ r1qg “ pD ´ r1qpD ´ r2qf “ ppDqf “ 0, we have g1 ´ r1g “ 0, so g “ Cer1x. Solving
f 1 ´ r2f “ Cer1x by an integrating factor yields f “ Aer2x ` C

r1´r2
er1x. Thus every solution is

a linear combination of f1, f2. They are independent because

det

„

f1p0q f2p0q

f 1
1p0q f 1

2p0q

ȷ

“ det

„

1 1
r1 r2

ȷ

“ r2 ´ r1 ‰ 0.

(ii) Repeated real root r (so pprq “ p1prq “ 0). Then

f1pxq “ erx, f2pxq “ xerx

both solve the equation; indeed

ppDq
`

xerx
˘

“
`

2r ` a
˘

erx `
`

r2 ` ar ` b
˘

xerx “ 0.

They are independent since

det

„

f1p0q f2p0q

f 1
1p0q f 1

2p0q

ȷ

“ det

„

1 0
r 1

ȷ

“ 1 ‰ 0.

As in (i), the factorization ppDq “ pD ´ rq2 shows that every solution is a linear combination of
f1, f2.

(iii) Complex roots r “ α˘iβ with β ‰ 0. Then epα`iβqx and epα´iβqx are (complex) solutions.
Taking real and imaginary parts gives real solutions

f1pxq “ eαx cospβxq, f2pxq “ eαx sinpβxq,
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which are independent (check the same determinant at x “ 0: 1 ¨ β ´ 0 ¨ α “ β ‰ 0). Every real
solution is a linear combination of f1, f2.

In all cases S “ spantf1, f2u, so dimS “ 2.

Problem 4.2.

(a) Show that there exists a bijection (that is, a one-to-one and onto map) from Rn to R.
(b) Prove that it is possible to define “exotic” operations on Rn such that dimRn “ 1

Solution.

(a) We let p0, 1q
n be the set of n-tuples of numbers pa1, a2, . . . , anq where ai P p0, 1q. First build

a bijection p0, 1qn Ø p0, 1q by the following construction.
(i) Write every number in p0, 1q in binary using the expansion that does not end with an

infinite tail of 1’s (this makes the expansion unique).
(ii) If

x “ 0.b1b2b3b4 ¨ ¨ ¨ pbj P t0, 1uq,

define

Φpxq “
`

x1, . . . , xn
˘

, xm “ 0.bm bm`n bm`2n ¨ ¨ ¨ p1 ď m ď nq.

Then Φ : p0, 1q Ñ p0, 1qn is bijective, with inverse obtained by interleaving the binary
digits of x1, . . . , xn.

(iii) Now use the bijection h : R Ñ p0, 1q given by

hptq “
1

π
arctanptq `

1

2
, h´1puq “ tan

`

πpu ´ 1
2q
˘

.

A bijection F : Rn Ñ R is obtained by composition:

F “ h´1 ˝ Φ´1 ˝
`

h ˆ ¨ ¨ ¨ ˆ h
˘

.

Since each factor is bijective, so is F .
(b) Let F : Rn Ñ R be any bijection (for instance the one above). Define operations on the set

Rn by
u ‘ v :“ F´1

`

F puq ` F pvq
˘

, λ d u :“ F´1
`

λF puq
˘

.

Because F is a bijection, these operations satisfy all vector–space axioms, and F : pRn,‘,dq Ñ

pR,`, ¨q is a linear isomorphism. Hence dimpRn,‘,dq “ 1; a basis is the single vector
F´1p1q.
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