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1 True/False (20 points)

Instructions: Decide whether each of the statements below is true or false. Circle your choice. Then, in the space
below, justify your answer. You will receive a maximum of 1 point for correctly answering "true" or "false". You
will receive the remaining 3 points for correct justification.

Problem 1.1 (4 points).

If Ais a 3 x 4 matrix of rank 3 then AX = must have infinitely many solutions.

A W N P

True False

Justification:

Problem 1.2 (4 points).

There exists a 2 x 2 matrix A such that A2 # 0 and A3 = 0.

True False

Justification:
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Problem 1.3 (4 points).

11 1 2 1 0
Let A = ,B = ,and C = . The set {A, B, C} is linearly independent in R2%2,
0

True False

Justification:

Problem 1.4 (4 points).

The formula (kerB)J‘ =Im(BT) holds for all matrices.

True False

Justification:

Problem 1.5 (4 points).

det (A1) = det (A)!? for all 10 x 10 matrices.

True False

Justification:
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2 Basic Skills (20 points)

Instructions: Each question in this section is worth 5 points. Show your work!!!

Problem 2.1 (5 points). For which values of k is the matrix

o 00 X W
U d N b

o O o N

1
5
8
0

invertible?

Problem 2.2 (5 points). For which values of q, b, ¢ is the matrix below diagonalizable?

1 a b
B = C
01
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Problem 2.3 (5 points). Write a basis for the kernel and image

1 400
2 01 3

Problem 2.4 (5 points). Let T : R3 — R3 be the linear transformation satisfying

Consider the basis

Iv3

0 0
1 |=|-2
-1 2
0

-2

2

Write the matrix of T in the basis B. That is, find the 3 x 3 matrix A such that

Math 201 Linear Algebra

[T(x)]s =A[x]s

for all x € R3
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3 Typical Problems (60 points)

Instructions: Each question in this section is worth 20 points. Show your work!!!

Problem 3.1. Let P, be the vector space of real polynomials of degree at most 2. Define a linear transformation
T :Py — Py by
(THK) =f(1—x).

Consider the ordered basis
B={1, x, x*}.

(a) Compute the matrix [ T]g of T with respect to the basis B.
(b) Compute all eigenvalues of T, and for each eigenvalue describe its eigenspace.

(c) Determine all subspaces V C P; that are invariant under T; that is, all subspaces such that f € V implies
TfeV.
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Problem 3.2. Find all 3 x 3 matrices A such that
* A is diagonalizable
e rank(A—D=1
e tr(A) =5.
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a b
Problem 3.3 (20 points). Suppose that A = . Find a formula for A" in terms of a and b.
0 a
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4 Challenge Problem: 10 Bonus Points

Instructions: This is a challenge problem and should only be attempted if you are finished with the rest of the exam.
It is worth 10 bonus points.

Problem 4.1.

(a) Find all linear transformations T : R? — R2 with the following properties:
1
(i) T maps the vector v = toTv= .
1 1
(ii) T triples all areas.

(b) Assume that T has two real eigenvalues (or possibley one real eigenvalue with mutliplicity 2). For the
dynamical system Xp+1 = T Xp, which initial conditions Xg satisfy

H n
Jim [T %ol| < o0

END OF EXAMINATION.
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