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• Your work must be neat and legible. Circle your final answer.

FOR INSTRUCTOR USE ONLY (DO NOT WRITE ANYTHING):

Section & Type of Questions Points Score Recommended time
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Section 3: Challenge Problem 8 bonus Only excess time

Total 100 + (10 bonus) 90 MINUTES



SIGNATURE: ID:

1 Basic Skills (40 points)

Problem 1.1 (8 points). Circle the matrices which are in reduced row echelon form

A1 =
�
1 3
0 0

�
, A2 =

�
1 0
0 2

�
, A3 =

�
0 1
1 0

�
,

A4 =



1 0 2
0 1 −1
0 0 0


 , A5 =



1 2 3
0 1 4
0 0 1


 , A6 =



1 0 0
0 1 0
0 0 2


 ,

A7 =




1 0 0 4
0 1 0 −1
0 0 1 2
0 0 0 0


 , A8 =




0 1 2 0
1 0 0 3
0 0 1 1
0 0 0 2


 .

Problem 1.2 (8 points). Suppose that A is a 3 by 4 matrix. If rnk(A) = rnk(A|b) = 2, how many solutions
does the equation Ax = b have? What is the dimension of the set of solutions?
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Problem 1.3 (8 points). Let T : R2 → R3 be defined by

T
�

y

�
=



 − y
 + y
2


 .

Write a matrix A satisfying Ax = T(x).

Problem 1.4 (8 points). Suppose that A is a square matrix. Suppose that A2 is invertible. Is A invertible? Justify
your answer.

Math 201 Linear Algebra Midterm Exam- Page 2 of 11 Fall Semester 2025



SIGNATURE: ID:

Problem 1.5 (8 points). Consider the matrix A shown below. Write a basis for the kernel of A.

A =



1 0 1 5
2 1 0 3
3 0 1 9
4 1 0 7


 .
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2 Typical Problems (60 points)

Problem 2.1. Let P : R3 → R3 be the orthogonal projection onto the y-plane. That is,

P




y
z


 =



y
0


 .

Let R : R3 → R3 be rotation by 90 degrees about the -axis.That is,

R




y
z


 =



−z
y




.

(a) (4 points) Find matrices A and B such that P(x) = Ax and R(x) = Bx.

(b) (4 points) Find a matrix representing T1 = P ◦ R and the matrix representing T2 = R ◦ P.

(c) (4 points) Find the image and kernel of T1 and T2. That is, find a basis for the image and kernel of T1 and T2.
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Problem 2.2 (12 points). Let A =
�
1 2
0 1

�
. Find all two-by-two matrices B such that AB = BA.
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Problem 2.3 (12 points). Find all two-by-two matrics A such that

• The image of A is spn
§�
1
0

�ª
and the kernel of A is spn

§�
1
1

�ª
.
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Problem 2.4. Let B = {v1,v2} where

v1 =



2
1
0


 , v2 =



−1
−1
1


 .

Let x =



−6
−4
2


.

(a) (6 points) Is x ∈ spn{v1,v2}?

(b) (6 points) Write [x]B.

(c) (Bonus: 2 points) Find a matrix A such that Ax = [x]B for all x in spn{v1,v2}.
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Problem 2.5. Let
W =
�
(, y, z,) ∈ R4 |  + 2y + 3z = 0, z =

	
.

(a) (6 points) Show that W is a subspace of R4. (justify your answer).

(b) (6 points) Find a basis for W and determine its dimension.
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3 Challenge Problem

Recall that the cross-product of two vectors  = 〈1,2,3〉 and b = 〈b1, b2, b3〉 in R3 is given by

 × b =


1
2
3


×


b1
b2
b3


 =


2b3 − 3b2
3b1 − 1b3
1b2 − 2b1


 .

Problem 3.1 (Bonus: 8 points). Fix a unit vector  ∈ R3. Define a linear map

S(x) =  × ( × x) + x.

(a) (3 points) Describe the image and kernel of S.

(b) (3 points) Compute S2.

(c) (2 points) Give a simple geometric description of S.
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END OF EXAMINATION.
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