Statement of Ethics: I agree to complete this exam without unauthorized assistance.

FULL NAME: Solutions SIGNATURE:

ID NUMBER: DDDDDDDD GROUP E.g. FSE1:
EXAM ROOM: HEEN

Midterm Exam

Linear Algeb
COURSE NAME: fear Algebra COURSE CODE: Math 201

MINUTE
EXAMINATION DURATION: 20 UTES EXAM VERSION A

ADDITIONAL MATERIALS . . e . .
A simple scientific calculator is allowed. No other materials are allowed.

Please do not open the examination paper until directed to do so.

READ INSTRUCTIONS FIRST! VIOLATION OF THE RULES CAN LEAD TO A LOSS OF POINTS.
* Unless otherwise stated, you must justify all your answers.
* Your work must be neat and legible. Circle your final answer.

FOR INSTRUCTOR USE ONLY (DO NOT WRITE ANYTHING):

Section & Type of Questions Points Score Recommended time
Section 1: Basic Skills 40 < 20 mins
Section 2: Typical Problems 60 + (2 bonus) < 70 mins
Section 3: Challenge Problem 8 bonus Only excess time
Total 100 + (10 bonus) 90 MINUTES
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1 Basic Skills (40 points)

Problem 1.1 (8 points). Circle the matrices which are in reduced row echelon form

N
W

o
=

o O o
O ON
N = W O

Problem 1.2 (8 points). Suppose that A is a 3 by 4 matrix. If rank(A) = rank(A|b) = 2, how many solutions
does the equation Ax = b have? What is the dimension of the set of solutions?

3 rows
4 ecolomans

The reet of A has Hie forpa e 1 -

Thus Hiere are hoo  free variables. The et of coludions Hherefre has Z dinensisng,
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Problem 1.3 (8 points). Let T : R2 — R3 be defined by

Write a matrix A satisfying Ax = T(x).

B
q
—~
[}
s

A K
O

Problem 1.4 (8 points)
your answer.
Yes.

Solution 1:
TA R — R
7;‘1'.112" —s

We huows +rar T (A € Tm (A)

It A® is mvendible, T (A?) = R"
=7 Ne have

R" S Tpm(AY £ R”

= TmlA) = N

=2 A s 1-2
= A is nvendible.
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. Suppose that A is a square matrix. Suppose that A? is invertible. Is A invertible? Justify

Soludion Z :

We assame  A* is wmvotible

=> Theve exsts 2 arorr ik R such 4oat
AZB - AAB =T
= AARY =T

=> A" = AR
=> A i ‘muedible .
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Problem 1.5 (8 points). Consider the matrix A shown below. Write a basis for the kernel of A.

0
A=

A WN -
OrORr
N O wu,m

1
0
1

[44- Vn _V'v./ Vi awnd Yy dencte J—he, coluwm vectovs.

T4 is clear Haak fl’/",', U,,D"i is hlA(CAV‘L& u olpemolemt .

Are =5 1 o -1-"5 AR +R, — P,
tnih -3 zio»zj ST,
3a +e =4 ¢ o J‘FQI
1
Rt ?—TZJK
o o0 1 3
=> ¢=3 Chack 2 ,
a =7 4 2|y
¢ | +
--1 o
8 -1

=> A basis & fn (A s
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2 o 4+ 4

3 s

3 .

o _ as O(e_g,vec/(.
3 - 9

6 7
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2 Typical Problems (60 points)

Problem 2.1. Let P : R3 — R3 be the orthogonal projection onto the xy-plane. That is,

X X
Plyl|=1Yy
z 0

Let R : R3 — R3 be rotation by 90 degrees about the X-axis.That s,

X X
Rly|l=1|—2z
z y

(a) (4 points) Find matrices A and B such that P(x) = Ax and R(x) = Bx.
(b) (4 points) Find a matrix representing T1 = P o R and the matrix representing T, = R o P.

(c) (4 points) Find the image and kernel of T7 and T>. That is, find a basis for the image and kernel of T1 and T>.

(& 1

o o 1 O O
A=[6 1 o R/ 6 o -1
6 6 6 6 1 o6
1 o) o 0
(b) AT}:AB: o 6 -1 1_1 -
o) o © o
L o) (@)
A -2A= |
6 1 (o]
B
(©) Twird = s 830 )2 ]

V=0 => Her(Ta)= sPeou ﬁgﬁ

1 o
T () = SP“"‘?[Z’K’[?I%
V]
V, =0 => K (T) = spon f[zli
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Problem 2.2 (12 points). Let A = [ (1) ﬂ Find all two-by-two matrices B such that AB = BA.
AR = 1 2 a ) : a+fe h+Zd
6 1 e d e d
a b l A Za+b
BA = a ﬂ‘ ZL’ 4+d

So AR =RA => & = Adie =2 ¢ =0
Zatb = b+Zd => Za =24 => a=d
e =¢
J;Za +d

Avtu& matrix ot the Rrun 2 b
(o A

Cl'leck :
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Problem 2.3 (12 points). Find all two-by-two matrics A such that

* The image of A is span {[(1)]} and the kernel of A is span {H]}

o Le+r Vv, ond V, be 4he colmmns of A
1 = - b
Qiute  Hie moge of A is Y spon of [oz; v = [21 andk ¥, = [Oz

Lor some pronzevo nambers a awnd b.

e Siue Spon {[f]g) we Amon dhat dhe reladion U +7% =0 wmost be dvae.
b

=> o

-

1}

oA f2 ]
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Problem 2.4. Let B= {v1, v2} where
2 -1
vi=|1]|, wvo=|—-1]{.
0 1

—6
Letx=|—4].
2

(a) (6 points) Is x € span{vi, v2}?

(b) (6 points) Write [ x]z.

(c) (Bonus: 2 points) Find a matrix A such that AX = [x]p for all X in span {v1,vy}.
(2) Yes -20, + AV, :[:2} +Z/:§.:{ :[:fi( -7
o Z Z
B [714= 4]
(6) Ne ceh a wadix A such +hat

a b ¢ X
[A e J?\S X ’[’(lﬁ

l -1
RQCM" +hat Sf?]a = ? whevz < :2;— ’;-}

Thus A must be a LBy - mverse for S. thar is

b % -1
oo B

=2 Za+b =1 Choose a =d = O.
-a-b+c=0 than b =2 o 1 1
Zate=o0 -1 +c=0 ¢=1 eg=0,f=1 A:[O 6 1
-Ad-¢++ =1
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Problem 2.5. Let

W={(xyzw)eR* | x+2y+3z=0, z=w}.
(a) (6 points) Show that W is a subspace of R*. (justify your answer).

(b) (6 points) Find a basis for W and determine its dimension.

(3 MNote Hhat

17 20 X X¥Zy 437 .
6 o 1 -1 4 = -w o
0o oo O 5 o - o
o o o O w 6 6
=7
x+2\‘a4—3'8 =0
%,w =0
172 30
=D W is e Mf oF [ p 1 -1 « hevelve o sabspace of RY
0O oo o
0 o0 o O

(& 124 7 l-f 7 and 7q LL J’t«l— aoluowins. we have relatious .
. 1y V) Y2

P AV =0 we duos  dmW =Z A, Hhis is amosgh

-3

. 3\/, -’\—;q ’Vs:o

w IS a L_,a\&i& ‘F°V AV“A (s

A basis for
Z 3
-1 (o)
o ’ -1
(v -1
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3 Challenge Problem

Recall that the cross-product of two vectors @ = (a1, a2, a3) and b = (b1, b, b3) in R3 is given by

ai b1 azbsz—asb>
axb=|ax| x |bx| =|asby—aibs]|.
as bs aibz —azb:

Problem 3.1 (Bonus: 8 points). Fix a unit vector w € R3. Define a linear map
S(X)=ux (uxx)+x.

(a) (3 points) Describe the image and kernel of S.

(b) (3 points) Compute S2,

(c) (2 points) Give a simple geometric description of S.

éoleOV‘ 1: (VM yvariance)
Fisk, assume R=2,=<0,0017.

oy =19, )N -X

) B - % _ \

@ x (rxx) OJ X, =
1

o

V4
) O ) ‘ i - )
g° St;) - ’)){('L -+ § = (o] = Pyoﬂec—h%l/l outs ")l'b-l. /'M‘e' sSpan { 3 z ‘
° L 1 jo a+ least poiat
& xa Tt is essential
/ FRITH o .
(AC"’S ave YO‘\'Q’HM - ‘IVIVGViO\l/H' we Ma% dr-aw ‘l’t‘& ‘F"”o""‘“’"’a'

¢ Synee  Cross- prool v
conclugion for aumeral pnik veckors -

—~ D
[ b u ,
f s Pro,&ec—lf‘mu\ snto  Far Jire cpowm.eof 4
¢ ]

[0 Tuage: spon (£33

4o O Thd'l‘ (s, Ur X + U o M I = O-

Vernel :  The plane Pmpcudicwlar

(by As witu all projechions, S* =S.

= P
sn ounto Jhe Jine s'pannaol /vv} u

(e) S is P"O{e"}"
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AH’U"W& solution L /Uue“— barown aﬁwww\(a\)

lse e zvbkumla\'. nx(v x3) = v(G.23) - S(R-7)

=D S(%) = B x(F x¥) +¥

. -~
= Provkﬁ X
= <ame conélasions at above.

ek computation |

Altenate Solukion 2% (D

-3 “1n 2 N . _
Led R =W U, D %=, x>, At = araaldus =2

wa AMO""-' u‘_)(s_.as)(‘_ —/Mi*“;'))(‘ -+ U, {M..Xz.'f-usf\’:)

Gy ? - |WRHs o Gy ey = | TR s el un)
U X - U Xy -/M,L'f'(d,ﬂ,\i\ + Mg(M.X. +ul&)

Mexd, note that +he Pt compon et of T xlix3) is

IS{X‘)L_ = Y X 4 U X+ U G) + X
= —M{'X\"M;X\‘l’ A X,_-Puluxxs + X

= //“:‘Ui 4'1) X, + AL X f“:“_x,\g No‘l’a Hhat 2 Uz ‘Usl - M;’ OV

= M;: X, X iy X3

\

o (0 X+t H030)
= WU (a" 7)

Similarly, [SE], = Ue (@) amd  JScR)1, = dy (5 -)
—> (%) ,(j[d’.;}) = proiﬁi? os befove =D same ponclusions ay above.

END OF EXAMINATION.
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